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4) Representations of Algebra.” 


In chapter 2,we have studied the multiplication table of the algebra H,, of 
order 70. Here we want to get its representations. It is easily verified that 
the ‘center’ [the subalgebra which commutes with all its elements] is formed of 
the following five elements. 


T=(1/2)A—(—y"C), S=fthtjthy Tapht phot ppt hhtjhtijhes 
Wak. J.+jhjtfhh tj hh, P=phj bk. 


The multiplication table is 


I Ss 7 Ww P 
S 2(7-27) 3(W—S) 22-7) 
ae Zz 30WV—S) 6U—P)—47, 3(S—W) 7 
Ww Ww 22P—-T) 3(S—-W) 2(7—-2D) an 
P P _Ww 7 =S I 


And from this, the orthogonal idempotents which are the unities of the two sided 


ideals are found as follows 
A= (/—P)/4+i(S+ W)/8 
A* = (I—P) /4—i(S+ W) /8 
B=3([4+P)/8+7/8 
C= ([+P) /16—7/16—1(W—S) /16 
C*= (I+ P) /16—7/16+7(W—S)/16 
where [= A+A*+B+C4+C*. 


Let us first consider the ideal having the unity A. This simple ideal is A-H, 
which is formed by multiplying A by every element of the algebra H,. As 
easily seen, 4-H, is a simple algebra of order 16. By Wedderburn’s theorem 
it is isomorphic to the total matric algebra of degree 4. 

The unity A is resolved into the sum of 4 primitive idempotents 
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A=ERA+ E"EA+E,ELA+ EEA. 


And as EE'E"=E,E/E''=0, and £,AEA=0, these four idempotents ate pairwise 
orthogonal. Then this ideal may be resolved into four simple left ideals each 
having four linearly independent elements. For example, left ideal made by EZ’A 
is formed by 


@= EE’ A=1/16([—P+ jhtjketjj—Ihs— "hs JP) 
+i/16(J,+h+h—S+shp.tsehstiibsS hh) » 
@=XO=1/8(X— Vk,—Vj,— Xp) +i/8(V+ Xk, + X7.— VA), 
@=U@=1/8 (U—Vk—V7,—Uj hk) +i/8 Vt U7, + VR— V7), 
@=M@=1/8(M — Mk N'k,— M'kR,) +4/8(N' + MWh + Mh NRE), 
X@=0, U@=0, MO=0. 


As the irreducible representations by this left ideal, we can get 


XA= 0 —1 0 0, YA=, 0 -—i 0 0, GVA=P D0 —1 O 
ee SU 0 —i 00 0 D+ M4 'QG 
oO 0 02 0 0 00 0 Ls Guy Ri? 
Ean @ ieee 9 Yre & 0---9--90-@ O—~ 


Or to save the space, we introduce the matrix ¢,,; all elements of which are zero 
except the (7, 7’) element which is 1. It is clear that these ¢, have the following 


properties 
Cigle=lies Cig =O(7=EA). 

These are the bases of the total matric algebra of degree 4. Then 

XA = — Ci te, VA=—i (ep +n), FA=by too, VA=—43t ty 

VA=—i(t,+¢m), E' A=ey t+ ley M A= —tyt Ca, NM A=—t(eytelqg) 

EM A= 0.464; XN, A= — ly Hl jg; YV,A=2 (Cy +649)» EA = ly, + ay 

U,A=— ly t+ C49, ViA=i(Cytes), FB =e tte MA = ly,— lg 

NA=1 (Coy tC), EF" A=loyt lrg, A=loyy H log + lg3 + lag: 
The representations of other elements are omitted. The representations by the 
other left ideals are similar to those obtained. The simple ideal F7,A* is also of 
order 16 and so isomorphic to the total matic algebra of degree 4. Hence H,A 
is isomorphic to 4T,A*. Jt must be noticed that in this ideal (XA, YA) are 
orthogonal to (X,4, Y,A), that is XX,A=Y,YA=XY,A=VX,A=0, And iXA, 


iX.A can have the simultaneous eigenvalues (1,0), (—1,0), (0,1) and (0, —1). 
This fact may be useful in a later chapter. i 


As the next step, we shall study the ideal HA. 
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If we put, remembering of 6) of chapter 2 
2x, = XX,— YY,= — (UU,—VV,) 
2%, = XX, + VY,= — (MM + NN’) 
2x%,= — (MM'— NN’) =UU,+ VV,, 
) then it is easily seen that x,, x,, x, are orthogonal and commutative each otiier. 
Bt = ete Oe Fear el Dee). 
Further we put 
e,=x°=1/8(7+ P+ T—277,—242,) =7'EB=E/E,B 
€,= 4, =1/8 (+ P+ T—27h,—2hk,) =EE'B=E,E"B 
&=%, = 1/8 J+ P+ T—Qk—27,h,) =LE"B=ELE"B, 
It is easily proved that 
ef 6; G=1, 2,3): 
£.6,=£,6,=0, tah el; 250); 
Then we can dissolve & as the sum of 6 primitive idempotents 
B=1/2(e, —x,) +1/2(e,4+%,) + 1/2 (€,—%,) + 1/2 (€, + %) 
+1/2(e,—x,) +1/2(e,;+%;). 
These 6 idempotents are pairwise orthogonal. As we can see easily the ideal 
H,B has 36 linearly independent elements. So that this is isomorphic to the 
total matric algebra of degree 6. The left ideal, for example H,B(¢,—%) 
becomes the basis of the irreducible representation of the algebra HZ. 
GQ) =e;—4,=¢y 
@=X(O) =X) en 
=1/4(X+X7,4,+ V7,— Vk.) + 1/4(X4+ Xk + Vi 7— YL) 
@=U(@)=—V(@) =en 
=1/4(U4+ U7, k—Vh+ V7.) +1/4(U,4 Ui jhat Vij— VAs) 
@=XY(O) =4.(®) =UV(O) =U VE) = en 
@=V(O)=—¥(O) = en, 
=1/4(YV + Vph,—X7,+ Xk) +1/4(—V— Vigh + X/— X,4) 
@=V(@) =O) =a 
=1/4(V+ V4 + Uk—Uj7,) + 1/4(V,4 Vighs—UJ + Uh) 


These 6 elements are the bases of the left ideal H,B(e,—x,). The representations 
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obtained by using the basis of the total matiic algebra of degiee 6, are as 


follows. 
XB= —Cyg tla tls — lm X,B= — byt Cy — Cag t lu 
VB= — 6454 C51 + C01 — “40 YV,B= C5 + lis t+ loi ae 
XVB= — Cy + C41 +s — 05 X,Y,B=— ly tla + les — se 
EB = byt lotta tlu=£,B8 
OB= — 643+ Ca + Cag — Se U,B=y3— lay + la — Ces 
VB=— by, tg + lu bag V B= —ly5 + Co: — Ca t+ Cas 
OVB= — 544 ly — lag t os O V,B=—lyt Ca +l — es 


LE'B = 041 + lag + C4 +¢,.= FB 


MB = ly,— ls + lg — Cos M' B=ly— lt lg— les 
NB = ly, — le + ls3— Css N' B= lpe— log $+ ls — es 
MNB = C55— C9 + l63— Con MN B= —65,+ lre— log tis 


ENB = Cela tt bee 
Be=ly tlt Cag t Cag t Cos + ce: 


The representations by other five left ideals are similar to these. The ideals 
HC and H,C* are of order 1, so that isomorphic to the complex number. The: 
elements except the commutable subalgebra (/,7, 4, 7,, 4.) have representations 0., 
The algebra HT, is thus divided into the direct sum of five simple ideals. 


H,=H.A+ H,A*+H,B+H,C+H,cC*. 
The sum of these orders 16+1643641+1=70 coincides to the order of ye 


5) Solution of the Eigenvalue Problem. 


In this chapter we want to diagonalise the operator V. and then V. As V,. 


belongs to the algebra H7,, we can resolve it to the direct sum of five parts; 
belonging to each ideal. 


V.=V,A + VA*+V.B4+V.C+ VC. 


And _ these five parts are pairwise orthogonal, and commutative. So we cant 
diagonalise V7, separately on each ideal. 


a) On the ideal HA. 


As XA, X,A, EA, #,A are commutative and linearly independent andi 
X,4X,A=0, we can transform l’.A into the form | 


exp (77,X,) exp (77,X,) A. 
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Then we want to calculate 7,, 7s. 

| As the characteristic equation is invariant by any similarity transformation 
and iX,A, iX,A can take the eigenvalues (0, 1), (0, —1) (1,0) and (—1,0) 
simultaneously, we have 


Trace (VA) Sete tet + ents 
; =2(ch 7-+ch a): 
Sum of products of every two eigenvalues is 
=2(1+2ch7,ch7,). 

These are the invariants of similarity transformations. 
To calculate the left hand side, we must make the mattix representations 
‘of degree 4 of V.A. Developing as 
exp {—iH(X,* +.X,*)}-d4=4A ch H—i(X,* + X.*) Ash H, etc. 


(Here we must notice that (X¥,*+,*) and (U,*+U,*) are commutative with 


each other.) 
By making the matrix product of these, we can get the matrix representation 


of V.A. From it we can easily calculate the left hand side of (5.3) and (5.4). 
And they become 
4(ch 2H ch 2H*—sin’g,) =2(ch ry, +ch7;) 
2+4(ch°2H+ch°2H * —2 cos’¢, + 1) =2(142 chy, ch7,) 


where (ch2H—1)(ch2H*—1)=1 or ch 2H * =ch*2A* + sh’ 2H*-ch 2/7. 


Then we can get chy, and chy, as the two roots of the quadratic equation 


y—2y (ch 2H ch 2H * —sin’¢,) 4ch? 2H + (ch? 2H + —2 cos’, + 1) =0. 


That is 
ch 7,=ch 2A ch 2H *—sin’ g,—cos y, (sh? 24 sh® 2 * — sin” Coe (5.5) 
ch y,=ch 2H ch 2H*—sin’ g,—cos y,(sh? 27 sh? 24 * —sin’ Cyn 
(y,=77/n, g,=1s/n=T+rT/n). 


? 
Using these 7, 7 we can write the transformed eigenoperator as 


exp (i7,X, +i7.X.) A. 


Similarly for the ideal 5 PBab 
exp (17,X, +47sXe) A*- 


b) On the ideal H,2. 
it is easjly seen that the each factor matrix 


From the representation (4.6), aia 
f imaginary angle in six dimensional 


of V.8 may be considered as the rotation o 
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soace. The product V,2 is the resultant rotation which fixes the sixth axis. 
Then this is able to be brought to the canonical form by suitable transformation 


COS O (644 +00) +5in O (eyp— by) + bss + lo FCOS Y (Css +55) +8in Y(C4;— es) 
=exp [0/2(¥,4%,) +9/2(+ X,— X,) ]B=exp () GX, 47.4) 8. 
(7,=(0+9)/2, 7.= (0—9)/2)- 
We can see from the representation (4.6) that in this ideal, ~¥,@8 2X,8 can 


take the eizenvalue sets (1,1), (1, —1), (—1,1), 3, —1), (0,0) and (0,0) 
simultaneously. Then the eigenvalues of exp(z7,X,+77,X,)B are 


Cirtts, lp Te, gH TtTs Tete, 14. 
The sum of these=2[ch(7,+7;) +ch(7,—7,) +1]. 
The sum of products of two of these=4(ch7,+ch7,)°—1. 
These become by actual calculation of matrix representation of V.B 
2(2ch 7,ch 7+ 1) =244 (ch? 2+ ch? 2H* + 1—2 cos* ¢,) (5.6) 
4(chy,+ch7,)’—1=16(ch 24 ch 2H*)?— 1—32ch 2A ch 2H‘ sin? g,— 16sin‘g,. 
From (5.5), (5.6) it is clear that-7,=y,, 7,=7,- 
c) On the ideal H.C and H,C*, it is clear that 
V(C+C*)=C+C*=exp (i7,X,4 i7,X,) (C+ C*). 
So that by adding these 
exp (i7,X,+i7,X,) (4+ A*+B4+C+C*) exp (i7,X,4i7,X,). 


This shows that V. can be transformed to the form which diagonalises X,, X, 
simultaneously by some operator S, 


S,V,Sy'=exp (iy,X, + i7,X,). 
As for V,, it is easily seen that 
SVySyt=exp [—?(H—H*) X,+i(H+ A") X,]. 
And for Vyj 


Sus V, ait ase exp Gereene 


+ i naXnati(H+H*) Xy]. 
Dividing to the subspaces where C has the eigenvalue 1 and —1. 


1 nk ai. Lae. f . 
<ee VS7 = — (2sh27)" exp (i7,.X, + i7,Xy te + ini Xn1)- 
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BOC et ee 


: ; C (Osh 2H" exp (—i(H— HX, + i, Xpt os +i HEA) X. 


Or in (€,7) representation they become 


= , Ls a. 
Bee SVS (2sh377) 8 en fgets 2 3) se ootya* Baton . 
2 2 2 2 

iy dey Seana 4 Hei } 


= x é s+, + 
"SNE re (2sh 2HyAE Lae [HAH Bago py ee feet: 
+i Seagal. 
i) In the subspace where C has the eigenvalue 1. 
As (,7,)°=—1, the eigenvalue of &7, is ¢ or —z. And 


Cris (F,*:7), (Fsns), Ce ace (Pada (Ct a9s-1) 
are commutative and independent each other. So they can take the eigenvalues 
+z independently only obeying the restriction that 


C=" (Fy9;) (F1*91*) (Ess) (S2*93*) 2+ (Fn-i%—1) (Fn-spna)= 1. 
The maximum eigenvalue corresponds to the case where 
(Fim) = ($1*91") = (F293) = (F,* yg rr (En-19n-1) = 2 


that is 
4,,= (2sh 277)” exp (7yt7sto +7n-1)- 


ii) In the subspace where C has the eigenvalue —1 
(Fem), (Fem), (Sot); aan (Fn-otn—2)» (Futnn) 


are also commutative and independent each other. So they can take the eigen- 
value +2 independently only obeying the restriction that 


= (Eom) (F272) (F2*y2*) maps (Sn-29n-2) (Fn%n) = —l. 


The maximum in this subspace, that is next to the maximum in the whole 


space, corresponds to the case where 
ae (fom) = (xm) = (6,42) Sr (Fn-27n-2) = (Fnm)y= 2 


that is 
A-) = (2sh 2/7)” exp OCI) Gee Cat Te-2t (H+H*)). 
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6) The Thermodynamical Properties of Large Crystal. 


In the large crystal, u—>00, the sum of (5.7) (5.8) will be replaced by the 
integral. That is 


log 4,,— log (2sh 277) = ae \.r4¢ (6.1) 
0 

log A4._)—x log (2sh2) = 2 \"rde H>H* (6.2) 
T JO 


=2(H—H*) + \"ydp H<H* 
Q7r Jo 


From (6.1) AW eh har =: 

And (6.1) (6.2) show that 

rag L a> ii* 
lim = 

nase “-) (exp 2(H—H *) H<H* 

The largest eigenvalue and the next to it coincide below the temperature 
defined by H=H*, and have some difference above it. This shows that the 
temperature defined by H=A™*, that is ch2/7=2, is the Curie point of the 
honeycomb lattice. The coincidence of the eigenvalues below the critical 


temperatufe shows that there is long range order in the crystal. To evaluate the 
integral (6.1) we put 


s=ch 2A ch 2H+*—sin*g—cos ¢ (sh? 2H sh* 2H *—sin*g)*™? 


Teh ch> zdp=|’ log (e+ Vs— l)dg. 

As shown from this expression, s=1 is the branching point of the integrand. 
This point is reached when H=H* and g=0. When » is finite, ¢,=Tr/n can 
not reach this value. So as expected, the singularity occurs when m-+0oo. The 
critical temperature located by ch 2A7=2 is identical with the value given by the 
‘dual and star-triangle’ transformations. 

To see the character of singularity, we shall integrate the integral 7 assuming 
Meets oe is small enough, near the interval g=0. As = outside the radical 
sign gives no effect on the character of singularity, we put it 1. And as VW2—] 


is : avelopi es . : ‘ 3 
is small, developing the logarithm in power series, we confine our attention on 
the first term 


= 3 (H—H*)? log sey + analytic function 
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Let 4, be the partition function per atom, then 
Apa Alle. 


Thus the sigularity of log 2, near H=H™* is given by 


3 : 
2 (H— H*)?* log a +analytic function, 


loo A= 
* ar |A@—A*| 


This does not give the discontinuity in the partition function and internal 
energy. But the specific heat, given by 


C= NkH,4 ees 


becomes logarithmically infinite at the Curie point. 


Payee L 
C/Nk= ae ie log \H—H*) +analytic functions. 


In the former approximation theory of order-disorder transition, the specific 
heat shows a finite jump at the Curie point asymmetrically on both sides of it. 
But this theory shows that, contrary to it, the specific heat becomes logarith- 
mically infinite at the Curie point as in the Onsager’s case. 


7) Case of Antiferromagnetism. 


In the case of antiferromagnetism, where we assume / is negative, that is 
His negative, we must put (—A/) instead of H, where // is positive. By 
definition 

ch2(—f)*t=ch2A*, sh2(—A)*= —sh2H*. 
(If we take the negative sign.) 
If we put these in (5.7) the partition function remains unchanged as the 


function of #. Then as indicated in the former chapter the singularity occurs 
at ch2/7=2, and the specific heat becomes logarithmically infinite at this point. 


8) Case of Triangular Lattice. 


The triangular net is the so-called dual net of the honeycomb lattice. Then 
the partition function of the former is associated with the latter by the relation 


f(D) =o" (sh 227) 96*(H*) (81) 


where # is the number of atoms in the triangular net, s is the number of interact 
ing lines. We have known the functional form of f* in the preceding chapter. 
So we may put A’* instead of H in f, of (6.2). 
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Then 
y 2 la 
chzA* ch PA Fal ie =O" > +a7)= 2 (eee — 1). 


Here defined FH, as 
(fF 1)(e— 1) A 


And 
sh 247* sh 2(H*)*=e"e™. 
If we put 
2(A*) =(1/2) (ee — 1) —sin*°g—cos g( ee" — sing)” 
then 
x v 
pury=| sh 2H *)” exp Z| ch'(H*)de | , 
2 J0 
The singularity occurs at g=1, which is only achieved when g=O and 
fy == 7 eat sige a A a8, 
Then to see the character of singularity we shall integrate it in the neighbor 
of H=H, and ¢g=0. 


2(A*) = (1/2) (ee? +04 +2) —sin'p—(1 —2 sint2_)2",2%( 1—sin*¢g/18) 
=1+ (1/2) (e"7-—&")* + (2/3) ¢ 


[ck AH*)\de=( log (s +V 2-1 yag=| Vs—1 dg 
0 Q v0 


at V(2#— 2)? 4 (4B) ¢ de 
0 

ae 
aioe se (e°"—e*")* log | 2¥—e| + analytic function. 

At H=H,, the specific heat becomes logarithmically infinite as in the case 
of square net and honeycomb lattice. 

9) Antiferromagnetic Case of Triangular Lattice. 

To get the partition function for the antiferromagnetic case, we must put 

(=/7): for: A in. (8,1),..(8.2) 
fi(— A) =2'*-*" (sh 2H7)*9(2 sh 2A7*)"¥. exp “Noh 2(-—A )dg 
az Jo 

where 

#(—#H)=(1/2)( =e (2 +e) — 1) —sin°e—i cos PV eM (246%) + sin’ gy, 


ell- Do Ses (2+ aha 
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As 2(—A)=-+1 the singularity of ch™z occurs when g=0 and H>o. To 
see the character of this singularity we shall put 
gS eat +a eo ~ small 
Then CUE teu digs. * hice —tv 32° +4 sin’ 
2 2 
Jet Ba |=1-(4/V 3) Vee 


log (e+ Vz#—I) =log{1—(4/ V3) V3a2 4g} +2-Arg(e+ V1) 


T=| log @ + VF —Ddp=4/V3( VaFEe dy 
0 


=2V73 x log +analy. func. 


1 
Re 
=2V73 e4"(2H) +analy. func. of x. 


At absolute zero H—wo, the specific heat clearly tends to zero. There 
are no phase change in this case. 


In conclusion, the author wishes to express his heartful thanks to Prof. K. 
Husimi for his kind instructions and encouragement throughout this work. And 
also the author thanks to the members of the Husimi-Laboratory for their kind 
discussion with him. 
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Ill. The Deeay of -—>7+7. 


The another possibility of the decay of s-meson is s->2z+7. The procedure 
can be translated from II by such s'ight modification that a photon, denoted by 7, 
stands instead of a z"-meson. Accordingly, the coupling with a nucleon is modified 
as 7,7, instead of yyts Or 7», Where 7,= J (+z). For the sake of <,, contain- 
ing 1 and z;, there is no selection rule as in II §2, 1. But if both c- and a- 
mesons are neutral, we obtain the selection rule: forbidden if V,+M,=odd.” 
Further we must remark that the gauge problem takes place. Remarking such 
points we put forth the calculation of the decay probabi.ity. 


§ 1. Fundamental formulation. 


The interaction Hamiltonian describing the system composed of = and <z- 
mesons, photons and nucleons consists of the following parts: 


H=H(p,7) +H1(u, 7) + H(z, 7) + AA, 27) +[2] (3.1) 
p,n,7,7 and y in arguments of H represent the proton, nucleon, z-meson, ?- 
meson and photon, [zz] means the iiterchange of = and + in the preceding 
taree parts. Deaotiig the wave functiors of nucleo), photoa, 7-mesoa and 7-m2son 
as 9, A, U and O,,=00,—0,U; and V and Vy = 0,V;—9,V,, respectively, 
the Hamiltonians for respective interactions are represented as follows : 

A( 2,7) =— tee 779A (3.2) 
A(m,n) =igU 1g" yt pyw¥ tony. (3.3) 


here ¢ F 
where g(f) is the coupling constant between meson and nucleon, and 


H(t, 7) =ieA, j; (3.4) 


where /,; means the current produced by a meson, 


34) c.f. S. Kanesawa and S, Tomonaga, Prog. Theor. Phys. 2 (1947), 101. 
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T= OD0-+0,) UO (3.5) 


for scalar or pseudoscalar meson and 
Sia UfU — O70 20) 


for vector or pseudovector meson. The Hamiltonian containing three particles 
simultaneously is necessary only for the following cases. 


Mp, 7,7) =— (als (AP *t xp (1s) 19 — AP tml 7s) TP) — conj. (3.7) 
for the vector (pseudovector) coupling of scalar (pseudoscalar) meson. 
A(p,7,7)= rie Yat "a PT xp (7s) TP) — cons. (3.8) 


for the vector (pseudovector) coupling of vector (psevdovector) meson, and 


AA, 7,7) = = a ) [4, U* 1.40" cxptig—2[ As O* aye emer } (3.9) 


—conj. Process A’: 


for the tensor coupling of vector (pseudovector) 


meson. In (3.7) to (3.9) the normal to the variable Nv Ca 


surface is required by the integrability condition.” a" 
: . . . P 
The decay process 7*—>2*+7 is visualized by ++ ae ' 
Fy . aaa ‘ 
Feynman’s diagram” in Fig. 1. For each process > ee 
the following contact transformation to eliminate 


vittual nucleon fields is carried out. 


Process A. 
me J el fae ler" (n, 2), (H'( py 7), Hn, )Y+LA" (pr), [H'( 2), HCH, 2) 


=SiegG| de! [ae UyrxAs on SIMS (X"—X"') 7,5 (X!— X)LS(X—X") \ 
a 53 (3.10) 


where W/ and Z are combinations of 7 matiices as defined in Table II. 


Process B. 
NV N T 
Pa aS ace _—— 
t ae oe ee WN. vat 
ee a m+ tt ON, care 
TH sesisecoe) ee MN eee EP Tete, pS n+ 
t+ sg P 


35) R. P. Feynman, Phys. Rev. 76 (1949), 749, 769. 
F. J. Dyson, Phys. Rev. 75 (1949), 426, 1756. 
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Process C. 
is 7 
N 
N —— 

es oe a 

“ ee aoe 
t+ re, ae m+ t+ a, zt 


Fig. 1. Diagrams for r+-+z++7 decay. 
Process B. 
—[ar! fae [A (a,7)+H"(z,7), [A (4, 2), W(x, 7)]] 
+[H'(n, 2), [A’(2,7), A(x, 7)]I} 
= iegG| dex! [a VAL Ny X"—X!) V+ A(X" —X)U 4} 
ae ee (3.11) 
x Sp {LS (X’— X) LS (X—X") + MS (X'— XLS (X—X’')} 
where 
Ai (X" —X") =()[ Ki", Ux] 
Ati (X"—X) — @LK", V;)- (3.12) 
Aj, (X"—X') and M are represented in Table III for respective types 45 (X”—X) 


and Z are the corresponding expressions for zs-meson and got from (3.12) and 
Table III by the substitution 


X'>X, UX), Os*§ Vig, A, A 


x — 


Table III. Expressions for 4 and J. 


Meson Coupling An (X74 —X7) M 
2 
S (Ps) s (ps) UV Bl 8") dg (XY XY) 1(r5) 
j > < a 
S (Ps) Vv (py) Ue (0;/” —,/’) 03’ eq (XM —X7) r3(rsr9) 
Us!* (0: 0jn—5"Bin) dg (XY —X7) 
VAP) Vv (py) ay! 
Cis (85x — 22 0a" 5 xn —X7) Te(7s7E) 
e 
x 
| 
On LO G"* (058 2-85" 82) Dg (XY —N7 
Net a) t , tt) dx ( ) ITE 
— Uy *8sdm (X”—X7)} 


| 
to Re a 


On the Nature of t-Mesons. II. 355 


We have only to take the contribution from the parts 0,0;4(X) in (3.12), 
making use of 


—s (X)8,9.4(X) =3,0,4(X) + 8ydud"(X) (3.13) 


The second term in the right hand side of (3.13) cancels out with the part 


containing the normal direction in process C, which ensures the Lorentz invariance 
of whole matrix element. 


Process C. 


if as! (L2"(, 7), A(x, t)]+[A(m 2), Wa, 7,7) ]h- (3.14) 


Adding the contribution from the term 0,0,,0'(X) in process B, (3.14) results in 
for respective cases, (3.6), (3.7) and (3.8) 


(3.6)> (—iegG/2p,)\"de!U™*A 


—-o 


x Sol rered (X'—X)LS© (X— X) + yrpS © (X— XLS (X—X) Vz} (8.15) 
(3.7) 0 


Samar e ee { “de AlUf (3.16) 


x S3{ ie (X’—X) LS (X— x) trai” (X'—X)LS CELE IV, (3.17) 
For the case of z-meson the substitutions 
X'9X LV, MU, UyFAlovV_A; 


are taken place in (3.14) to (3.16). 
The contribution from processes P and C vanishes in almost all combination 
of the coupling of r- and z-meson except 


55, UU, tt, pu pu, ps ps, vt, pu pov. (3.18) 


The combinations, (ss) and (s fv), vanish by trace 0 and the other by 
Furry’s theorem. 

Gauge invariance. We must here see whether our formulation is gauge 
invariant or not. Applying the gauge transformation 


A, A,;+ 0,A (3.19) 
to (3.10), and eliminating 9,/ by integration by part, we get 


(iegG/2)| del (AAU gV, 


@o 


Sp§MS(X'—X)LS© (X—X") + MSY (X'—X)LS(X-X)}. (3.20) 
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(3.20) vanishes if the contribution from processes B and C vanishes, since 
the integral is similar to those of B and C. 

If it is not the case, the contribution from 2B and C results in the same and 
opposite sign as (2.20) by the gauge trinsformation, and there holds the gauge 


invariance with regard to whole matrix clement 4+ 44+. As ax example, wé 
c- and z-mesons «ith pseudoscalar couplings. In this case 


take pseudoscalar t- 
there is not process C. Accounting for (3.11) and Table II, process B resvlts 


in 
(iegG/2)| da! (ke AJLU*OY, — 8" 4X" — XV — Vf’ — 8/4 |X" — XY *} 


x Sy 75 (XI —X) 7,5 (X— KX") +7,5(X-X)7,5(X-X)}. B21) 


Carrying out the gauge transformation 4,/’—>A,"+9j/’A" and by integration by 


pat over A, we get 


(iegG/2) | ae" [awa 3(X"—X)U"*V—8(X"—X)U'"*V} 
x Syf 755 (XX) 7-5 © (X—X’) +750 (X'— X) 7,5 (X—X")} (3.22) 
where we use a relation 
aj1U"* (Bj! —0f") dg (XU —X) }= — U(X"). 


i es . oO ¢ " oC - 
Comparing (3.20) and (322), we see they cancel out in each other. 


§ 2. The general rules for matrix. 


1. Furry’s theorem. As found in II §2, the forbidden set takes place 
Becotning as the coupling of z"-meson with nucleon is 1 or ty. The corresponding 
coupling: 10 this case, t>27+y, is zt» Which is the sum of 1 and 7,. Therefore, 
there exists no selection rule as in the case of tTom+7° decay 

9 . Fe . a mes . 7 i 

’ ee Lorents invariance of matrix clement. Among the forbidden condition in 
- vr Galy"a set (sv ps) is applicable to this case, since the photon has vector 
character. This set is denoted by * in Table IV 
fe ‘in a theorem. This theorem concerns with the scalar meson with 
e vector coupling. The U¥*=9,U"'* i i ‘ 
Mu =O; and M=y, : sy i 
eee F 7: in (3.10). By integration by 


(igG/2) ("de (UA! —UXA) TY, 
X Spl teS (XI XY LS (XX) +7,SO(X" XVI X)}. (3.98) 
The part containin if A a 
: ica > ©. .cels out with th» wrocess C. Ti Pap he: 
vanishes exe . es ! SC. le other rt 
ae ex A cates” d 7 by Furry’s theoes. But we -ie- pet this aa 
- ? sinc Sty: > 
i € this’ 94 the sam: typ a. the self-energy of photon. In 
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the case of L=7,,, there remains only the first term of expansion, by making use 
of [JA=0. If the coupling 7,;,(77;) is the case of vector’or pseudovector meson, 
the result is expressed as 
x eg F_U*() 
— —— —V; ny Og oo 5 
An ae 9 jo tg ( > ) 


which is divergent but gauge invariant. This can be eliminated by the regulator. 
The above procedure holds by the interchange of z- and t-mesons. 

As for the contribution from process &, it is shown that (3.11) vanishes by 
integration by part. 

Thus the vector coupling of scalar meson is entirely forbidden as denoted by 


D in Table IV. 
4. Equivalence theorem. Putting Uy,=0,U* and M=y7,7;, (3.10) results in 


(equivalent term) + (éegG/2p,) 33)"aa'a/ V 
x {OS S775 (XH) LS® (XX) + US, S75 (X!—X) Ly,S0 (XX) } 
(3.24) 


by integration by part. The first term in the second part cancels out with 
(3.15). The second term vanishes except for the t-meson with the tensor cou- 
pling. The contribution from process B, (3.11), is fownd to hold the equivalence 
theorem. Thus the equivalence is ensured except for the partner meson with tensor 
coupling. 

5. The forbiddenness of (SS) and (P,P,). Assuming the gauge invariance, the 
interaction Hamiltonian is represented by the linear combination of Fj; 0,U*0,V, 
F,,(0,0;U *) V and F;,(0,0,V)U*. Remarking that /;, and 0,0, are the antisymmetrical 
and symmetrical tensor, respectively, these terms are found to vanish. Also by the 
direct calculation, we get the vanishing result except a non-gauge invariant term 
which should be dropped. These forbidden sets are denoted by G@ in Table IV. 


§ 3. Results. 


We calculate the life times for allowed sets, in which the masses and cou- 
pling constants are adopted as in (2.27) and (2.28). The divergences are 
dropped by regulators 


j dxp(x) =0, {| dxxo(x) =0, { dxx’p(x) =0, 

( dx log |x|o(x)=0, § dxx log |x|p(x) =0, § adxx? log |x| p(x) =0. (3.25) 
Since there is no experimental evidence for the regulator but some inconsistence 
as mentioned before, the life times represented in Table IV give only the upper 


limits of real values. This procedure gives yet too short life times to explain 


the experiments. 
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Table IV. Life times of r>2z+7 decay. 


t(S, s) 
7 S | V = [ Py / Ps 
Coupling s oe < t : 5 pv | t | Pv | ps 
_Divergency | | see | div. | con ) div. ) | 
Life | G | D Hox | 28x 10- 19 32x 10-4 18x 10-14 « | - 
“ _ t(S, v) | 
ae s Vv | By | Ps | 
Coupling | s v v t / pv t PY ps 
Rincaventy / div. | div. __¥g 
life, 1 De ee D | ae Se ae *D 
= t(V, v) 
n S Vv / 
Coupling s vs v t | pv 
Divergency con. a con. | con. 


Rates eRe al ) 
Life 2.4 x 10-14 DS 3.8 x 10- 0-9] 64x 10-4 15x 10-5 


c(V,.0 


Tw nisl sens tote a see Vv 


foupline 


s Vv 


Divetenty 


div. con 


Pv 
rari ona div. 
Life [78x10-9 R, 64x 10-1 10-1 3.2% 10- aie = Rs 18, 3.8 x 10-15 5.5 x 10-13 | 


Tt Ss 


Coupling £ v 


Divergency con. 


Life 2.5 x 10-14 


t(Py, t) 
wT S Ps 
ea s v pv | ps 
ue rermency div. w; con. div. 


es 


Life AQ x 10-12 R, 1.2x 10-13} 6x eee 2.5 x 510-14 1 _ Kat 24x 10-14) 3.4% 10-12 


4 
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t(Ps, pv) 
x s Vv | Py Ps 
Coupling s v v t pv t pv ps 
Divergency ay con con div con. 
Life LE: * i JB) 4.1 x 10-13) 1.3 x 10-35) 5.1 x 10-14} 1.5 x 10-15 G G 
t(Ps, ps) 
T Vv Fy Ps 
Coupling v v t pV t pv ps 
Divergency con. div. div. div. 
Life 


D 3.5 x 10-15 2.0 x 10-14) 3.9 x 10-14 2.3 x 10-14 G G 


*: Forbidden because of no Lorentz invariant matrix. 
G: Forbidden by gauge invariance. 

D: Forbidden by divergence theorem. 

S: The same form as the self-energy of photon. 

R,: Forbidden by regulator. 


From the above we see there are few cases to be forbidden the decay modes 
ton+n and trom+y7. As for t>2z+72° decay, we shall adopt symmetrical 
theory, which may be preferable considering the nuclear force. And we may 
assume the z* and z° mesons belong to the same type with the same coupling. 
Then the acceptable cases for the sets of c- and 7-mesons are shown in Table V, 
with the sets having the longer life times than 10™ sec. 

Considering the fact only that the neutral meson may disintegrate into two 
photons”, however, the scalar or pseudoscalar z-meson is acceptable. Among 
both possibilities regarding with 7-meson, we may adopt the pseudo type, because 
the scalar meson gives entirely wrong nuclear force. It is of interest that the 
pseudoscalar z-meson is preferable in our case, too, because the decay of t-meson 
with ps and (Ss) is completely forbidden for two-body decay. This problem will 
be clarified by considering the t—37 decay, which is experimentally found. 


IV. The Decay of r—>32. 


The decay mode, t>37, may be the most probable one, if t->2+7° and 
r—-n+y7 are forbidden or considerably slow. These cases are shown in Table V 


and treated below. 
The same attempt has been carried out by Nakamura in perturbation 


96) H. Fukuda, Soryushi-Ron Kenkyu, Vol. I, No. 3, (1949), 1, 
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method and by Power in Feynman's method. They Table V. 

give the same order of life times as ours. Nevertheless, Allowed tal toate 
the application of perturbation method to this pioblem pind Mian 

is somewhat questionable as was the case of Tani- | : 2 
kawa and Finkelstein in y-decay problem.” And it ee ts 
the covariant formulation may be necessary. Power's -| 
calculation is based on the covariant formalism, 4 = Fe, Es | &, v) 


but she treats only a case that al! mesons are 3 Ss Ss 

pseudoscalar type with psevdoscalar coupling, though | Ps Ps | 

this set is most plausible. Our calculation for the 1 (S, s) Ps | 
} Ss ; 


possible types in Table V shows that life times are 


considerably dependent on the types and —— > cv, py 1 Cee : | 
of these mesons. Then there may be possibly the 


third order decay unless the second order is forbidden. 


5 
6 | (Py, pv) . (Pv, pv) ) 


: 


About a half of matrix elements under considera- 
tion are divergent and not free from ambiguity. Such divergence and ambiguity | 
may be dropped by the regulator condition 


§ e(x)ax=0, { dxlog |x| p(x)=0. (4.1) 
The life times obtained by this prescription are considered to give the upper limit | 
of real ones.* (This procedure may not be justice according to the problem, 


The self-energy of photon may -belong to the former case, but the logarithmic 
divergence as appeared in the self-energy of electron may be the latter case.) 


$1. Fundamental formulation. 


The calculation is similar to the case of the r+742° decay. Only change 
is the number of z-mesons, three instead of two. Their wave functions or their 
derivatives are denoted by U,, Uy and Uy, corresponding to positive (negative), 
negative (positive) and positive (negative) z-mesons, respectively. The cor- 
responding one for zt-meson is denoted by U;. After this manner the suffixes 
are changed from II. Then the fundamental expression of the matrix element 
is given by 

M= aa ax" “ae” O,04UK'U, 

eS! ec A) 7,5 Glee fai (XU 2 lr SOA at (4.2) 

corresponding to (2.4’). 


ies Here V means the number of 7; and Ye iD Tooter TR 


37) S. Nakamura, unpublished. 

38) S. Power, Phys. Rev. 76 (1949), S65. 

39) Y. Tanikawa, Prog. Theor. Phys. 3 (1948), 38. 
R. J. Finkelstein, Phys. Rev. 72 (1947), 414. 


. ‘ 
In the higher order than the third there is no ambiguity and is not necessary to use regulators. 
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Further we make the reasonable assumption that three z-mesons are the 
same type. The other decay mode, 7>2+7°, 7°27, as suggested by Ozaki, is 
not plausible, since the two fast mesons are both positive in the Bristol decay.” 


§ 2. General rules for matrix. 


1. Fur:y's theorem. From the factor 1+(—1)* there are the allowed cases 
that the couplings of both z- and z-mesons belong to either the class of scalar, 
pseudovector and pseudoscalar or the class of vector and tensor, since three z- 
mesons have the same coupling. Then the possibility 5 in Table is ruled out. 

2. Lorentz invariance. The forbidden cases are the set of scalar (pseudo- 
scalar) zc-meson and pseudoscalar (scalar) z-mesons. Then the case 4 is ruled out. 

3. Divergence theorem. In the present case the forbidden does not take 
place by this theorm. 

4. Equivalence theorem. This theorem does not hold throughout in. the 
present case. 

5. Symmetry character. The matrix element has symmetry with respect to 
two 7-mesons. 


§ 3. Evaluation of matrix element. 


The procedure is similar to II and here is given only an outline. Trats- 
forming (4.2) into momentum space we obtain 


Ma | dé | ae ae’ | dU" (R-#—P,) BH =H! — Py) 3 (2 2" — Pa) 
2(27)' 
Sr irk—x) 77h! —*) 7 rh"! — 2) py" — x) 754 


y RIN? 4. x?) 
RU Ue 
oe eve. (2° + 2°) (kl? +22) (#1? +2) 


(4.3) 


where P,, Py, Py and P, mean the momenta of three z-mesons and a 7-meson. 
For example, in the case of pseudoscalar 7- and z-mesons with pseudoscalar 
coupling (4.3) is reduced to 


M= A | as | al’ \ dh | dk d(e— BP) do — WI Py) (8! — Pr) 
2(27)' 


1 = ° w ° ~ 9 & ° 
c UU ul sl 2) da (—P,)1 824 E+E) + (EF ELP EEL) | 
=i 
(LMNt) 


1 1 
+2 33 (Pu: Py) ("26, | @b.0,0" (247 + yh? + qk!) 


cyc. ‘ 
y = Si 


+4iP22PE+ Pi Pe (Pi +P)? (Put Pry} 


. {ae i cn fde(-1) ON (e+ ER +O Re + eu? 4. a) ||. (4.4) 


a —1 =] 
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here 
Pa alae weeirre: _1—46,1+4 eee 1-6, . 

Shige sag i, ght Bie eee ieee 
_1l+q,_1—al+e ~1=41-G1ItG _i-g1—41-% (4.5) 
[= 3 iS to 5 a '¢ 3 5 5 Cs 5 3 3 

7 ee phos 20°71" 72 _ Pr tutut ms (4.6) 
hie Pages Be bate 1—6; 1—67f"* I=ef Ie Ie 
2 2 2 2 2 2 


The method of calculation is so complicated that the detail is not presented 
here. Some formulas are shown in Appendix B&. 


§ 4. Results. 


The life time is calculated as 


eee Eee 


2a 2 
S1898s Cu) de \ de> | M|? (4.7) 


4x? * 
7 e—t£—Aspin 
2 


Pee te 


ign 


where 
= Pe 
e=F,/ py, E = Ey/ pH, 
mean the energies of z7-meson divided by the mass, and 


COs hal R= iain flor ten 9) (e\—1) 


w—2cc4-1 


a is the ratio of 7- to t-meson misses. 
By assuming the values of masses* and coupling constants as before, we get 


the life times for the possible sets as seen in Table IV. The dependency of the 
life times on the masses is represented by 


ip ee ie 
TOS rae a 4™F (t2,./ tte) (4.8) 


where /’(u,/f,) is the complicated function and slowly increases with decreasing 


P/P, but does not appreciably affect the life times as far as ft, =950 ~ 1050 m. 
And 


A= (1, —3pt,) /pty (4.9) 


This factor largely affects the result. The rather long time obtained by Power 


may be due to the smaller values, #,~900m and #.~ 285m, against the ex- 
periment. 4 is integer 2 Kids 


2 or 4, according to the convergent or divergent case. 


* 4 =1000 me Lx=300 me 
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The former case takes place when the odd number of 7; ate contained in 7z, ,m, 
yw and 7,, while the latter case corresponds to that of the even number of 7;, 
where we must use the regulator to eliminate the divergence. »v is also integer 
and represented in Table VI. 


Table VI. The lifetimes for r>3z Decay. 


Type of Ss S S) S iS) Pv Ps Ps Ps Ps 
Coupling of s Vv v Vv t ps ps pv pv 
Type of S S Vv Wee ay S Ps Ps Ps Ps 
Coupling of s v v t t v ps pv ps pv 
Divergency. 00 oe) 0 Co eC ae Cope FOG (3 Eo es 
Lifetime 6-10-10 6-10-11 2-10-10 1.9-10-11 1.8-10-12 
in sec. 1.8- 10-9 2-10=12 1.4.10-8 1.8-10-18 1.8-10-11 
3 y 2 oh 3 3 4 6 2 2 2 2 


If neutral theory is adopted, the following sets must be 
taken instead of the first and fifth sets above. 


Type of Vv Vv 

Coupling of v t 

Type of S Ss 

Coupling of v v co: Divergent, dropped by regulator. 
Divergency. co CG C: Convergent. 

Life times 2.9x 10-11 

in sec. 2.0 x 10-12 
3 3 


The life time for the r—32 decay may be said to give the right order con- 
sistent with experiments, if we take into consideration the ambiguous values of 
coupling constants. It may be better that the values of G and F are determined 
‘on the basis of this calculation. The most plausible set, ~s and fs, gives the 
right life times for f°~ 10™* and F?2~10-%, but the set in relation with pseudovector 


coupling gives somewhat shorter lives. This suggests that ¢ and G are smaller 


than f and F reconciled with the nuclear force. But here one must remark that 
the life times depend on f* or g*, and then the slight change in the value f or 
g gives rise to the large change in the life time. Thus the precise determination 


5S 
of these values is much important for our problem. The more detailed discus- 


sions will be given in the next part. 


V. Discussions. 


We may draw some conclusions about meson problems from the above, 


although there is the inevitable ambiguity of the quantum field theory left 
untouched. The settlement of such difficulty will be postponed in future develop- 


ment and now we want to pursue in what extent our tentative prescription is 
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justified in comparison with experiments or what inconsistency gives rise 1n the 
interpretation of experiments. 


§1. The types of mesons. 


We see in II to IV there are few cases in which a sfenaiers is possible to 
disintegrate iato three t-mesons with the suitable life time. Even in the possible 
cases, as shown in Table VI, the sets except Ps and Ps may be ruled = pro- 
vided that each meson has two kinds of couplings. We can give several evidences | 
for pseudoscalar z-meson in what follows. | 

(1) y-decay of neutral meson. See, Introduction, references 6 and 7. In this | 
evidence the possibility of scalar type is not ruled out. | 

(2) The decay of t-meson, provided z-meson is pseudoscalar. Other types | 

are not necessarily ruled out if the rather complicated combination of special | 
couplings are taken. 
(3) The angular distribution of produced x-meson by y-rays in Berkeley 
experimeats. sin’@ distribution observed can be interpreted only by assuming the 
z-meson as scalar or pseudoscalar. Taking into consideration the effect of the 
recoil of nucleon, however, there appears considerably .discrepancy from sin*@ 
distribution in the pseudoscalar case.“ Scalar meson gives better fit concerning 
this point. This discrepancy may or may not vanish by considering the higher 
order effect or the bounding of the nucleon in the nucleus.* 


The first evidence is concerned with neutral z-meson and the third is charged 
one. 


The second is related to charged and neutral mesons but less certain. These 
evidences are favourable to scalar type, too, but it may be unacceptable if z-meson 
responds to the main part of nuclear force. Nevertheless, the nuclear force seems 
to be not explained by such a simple type of z-meson. It may be due to either 
the wrong mathematical treatment of the erroneous notion to ascribe the nuclear 
force to z-meson alone or both. Apart from such deep difficulty, pseudoscalar 
meson is considered to have advantage to other three types of meson with regard 
to the treatment of deuteron system. 

Several arguments as mentioned above would imply how strong the interac- 
tion between a nucleon and a z-meson, if it should be psecdoscalar, The 
magnitude of its coupling constant, f?~40, currently adopted, is supposed to be 
so great that the expansion with regard to the power of f may ke una 


ceptable. 
Whenever it may be smaller, 33 


*~4, considering the fourth order process,™ the 
perturbation theoretical treatment will still be doubtful. Nevertheless, the following 


40) Z. Koba, M. Kotani ar dS. Nokai, Prog. Theor. Phys. 
Goldberger, unpublished. 

41) Il. A. Bethe, Phys, Rev. 76 (1949), 191. K. M. Watson and J. V. Lepore, Phys. Rev. 76 
(1949), 115. 


* See note added in proof, 


in pess K. A. Breckner and M. L. 
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phenomena directly related to z-meson seem to make us infer the weaker interaction. 

(1) 7t-—>37 decay. The life time for this process is given in the case of 
pseudoscalar couplings, only if we ass:me f?~107' and /?~10-*. The latter 
figure has much ambig.(ty, bt is not so smaller than 10‘ considering the 
abundance of r-mesons as discussed in I. Then the magnitude of f’ 1: impossible 
to exceed two or three times of this figure becatse the life depends on f~*. If 
the value of f* is thus settled, c-meson can rapidly disintegrate through the 
pseudovector couplings, provided g*~10-' The magnitude of f? should, however, 
be larger than g° if we take into co1sideration the equivalence between pseudo- 
scalar and pseudovector couplings for the nuciear force. According to the equiva- 
lence condition, f° is (2x/#)° times g°, which resuits too shorte: lifetime for (fs, 
ps) set. As for the pseudovector coupling of meso1, we have so little knowledg. 
as to specify its magnitude, but it is unlikely to take the eyuivalence theorem. 

(2) The protuction of m-mesons by y-rays.* Comparing the calculated cross 
section” for this process with an experiment, f is considered to lie between 107? 
and 1. This argument seems to suggest tae smaller magnit:de of f°, though the 
calculation is not yet so complete that pseudovector coupling, the higher order 
process and the effect of binding in a nucleus must be considered. 

(3) The production of x-mesons by nucleon-nucleon col.iston. The cross section 
calculated meson theoretically also suggests smaller f? than 1 but somewhat 
larger than 107. *» But in this case the production may undergo the effect 
of the more complicated nature of nuclear force, which obscures the determination 
of f? value.” To see this the more investigation is reguired concerning what 
values of f*? and g® must be taken when the nuclear potential is replaced by 
mesonic interaction. 

The nuclear potential adopted by Serber, as referred in many literatures, 
from the analysis of the proton-neutron scattering for 90 MeV is ~0.3 exp 
(—4r)/r. The factor 0.3 should be brought about from ~ f’v*, according to 
psoudoscalar meson theory. This implies f° as the order of unity. But the cross 
sectioa reciprocally proportioaal to incident energy suggests that the higher order 
effect must be accounted for. We are again led to the presumption that the 
nuclear force would be very complicated phesomena and, perhaps, could not be 
explained by z-meson. 

Further, there is one more evidence for the weak interaction of z-meson 
with nucleon. The fraction of transferred energy to mesons by a collision with 


42) C. Morette and H. W. Peng. Proc Roy. Ir. Acad. 51 (1948), 217. 
S. Takagi, Prog. Theor. Phys. 4 (1949) 557. 
C. Morette, Phys Kev. 1. press (only pseudoscalar cvupling). 
43) ©. Richman nd H. A’ Wilcox, unpublished. M. W-issLiu'', unpublished. 
44) c.f. L. L. Foldy and R. E. Mi hal, Phys. Rev. 7% (1949) 1493. 
* This argument 1 not true for error of calculat’ : The corrested value of coupling constants 
from this experiments are f2~17 and g?=0.1 (see note added in proos.) 
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an air nucleus is estimated as about 1/5.% Thus only one tenth of the incident 


energy is imparted to z-mesons by a nucleon-nucleon collision with thé energy 
about 10 Bev. This may also be supported by the analysis of the meson produc- 


tion, as will be discussed in a separate paper. 


§ 2. Varieties of mesons. 


There have been few examples for the existence of mesons other than 7 and 
fe meson. Among them the existence and the nature of s-meson are considered 
to be almost established as discussed above. Besides there seems to be another 
t-mesoa discovered by Wagner and Cooper™ which resembles much to t-meson 
and is often confused with it. Its mass, 725+40m, may not only allow to decay 
into three z-mesons, but also a star produced by one of those mesons has so 
small number of prongs that its rest energy is not effectively utilized The 
more evidences seem to be obtained by Armenian authors, who observed some 
mesons with mass about 700m, starting from stars and ending in the emulsion 
without secondary track.“ The considerably more frequent appearance of these 
mesons than z-mesons suggests that this sort of mesons, tentatively called as 7’- 
meson,“ may appreciably responds to nuclear force. Detailed analysis concerning 
z’-meson will be published in a separate paper. 

The cloud chamber evidence for the decay of heavier mesons®: ™ are usually 
considered to be due to z-mesons.* The estimation of their masses are based 
on that they disintegrate into two mesons. If this interpretation were correct, 
there would be the decay mode, r->7+7° or 7. Then we can hardly obtain any 
appropriate set with the life time of two particle decay as long as three particle 
decay, unless any new condition to lower the decay probability be added. We 
may not now consider this kind of mesons are z-mesons, though there is a possible 
explanation like as to consider the mass difference of proton and neutron,” since 
they seem to. have somewhat long lives and may be supposed as a kind of 
varitrons. The life time of this kind of mesons is estimated from Rochester and 
Butler’s data. They estimated the momentum of a parent heavier meson as 
about 0.6 Bev/c. The path length of this meson may be about 15cm, since it 
seems to be produced in the adjacent material and disintegrate near the center 
of the cloud chamber with the diameter 30cm. Then the life time is the order 
of 5x 10-" sec., which is much longer than that of r-meson estimated in I. 
Two these mesons are observed in 50 penetrating showers at sea level. It is 


45) S. Hayakawa and J. Nishimura. J. Sci. Res. Inst. 44 (1949), 47. Prog. Theor. Phys. 4 
(1948), 232, 577. 

46) S. Hayakawa and Y. Yamaguchi, Prog. Theor. Phys. 4 (1949), 570. 

47) J. Dandin. Ann. de Phys. 19 (1944), 110. 

After this discovery Tanikawa proposed four-meson hypothesis on the aesthetical point of view, 


in which there are the interaction only between Fermions and Bosons. Prog. Theor. Phys. 3 
(1948), 314, 315. 
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supposed to be considerably frequent. 

Many varieties of mesons appeared as frequent as above mesons and with 
longer lives are discovered by Armenian authors by making use of a powerful 
magnetic analyzer. The same kinds of mesons hardly identified with » or z- 
meson are also discovered by cloud chambers.” They should have considerably 
long life times in order to pass through their apparatuses without disintegrations. 
A greater part of them may be produced by the disintegrations of stopped 
varitrons accounting for the existence of maximum momenta in the momentum 
spectrum.” Most of them are likely to decay with lives as long as 10~® sec.™ 
Furthermore there are few cases of nuclear disintegrations at their range 
ends.®»9 Above facts make us infer that most of varitrons do not directly 
interact with nucleons,™ 

If they were nuclear mesons, they could not be stable as found in II to IV. 
Generally speaking, a mixed field theory is very difficult to be reconciled with 
the decay problem. For example, the hypothetical C-meson™ would break the 
forbidden of z>2+7 decay, unless its mass is greater than ~600m. Thus they 
can hardly be nuclear mesons but may be the descendants of nuclear mesons, 
accounting for that they are likely produced by nuclear interactions.” The 
strongest argument for this view will be the existence of lighter varitrons than 
m-mesons, as was suggested by Taketani.” If they were nuclear mesons, they 
sould be observed in Berkeley experiments, in which the threshold energy for the 
production of these mesons is low enough and the intensity of produced mesons 
is so great that the weak interacting mesons will also be observed. Accordingly, 
they are supposed to be the decay products of heavier nuclear mesons. We are, 
therefore, led to the view that varitrons are cousins of #-mesons or their des- 
cendants. How many sorts of varitrons really exist and what is their nature 
will be clarified by the future development. In that time our work, though 
appearing superfluous in the present day, will give an useful tool to discriminate 
the complicated varieties. 


§ 3. Concluding remarks. 


From the above analysis we can partly answer the problem proposed in 
Introduction. The application of the quantum field theory to meson problems may 


48) A. 1. Alixhanian, A. I. Alikhanov and A. O. Vaisenberg, J. Exp. Theor. Phys. 18 (1948), 301. 
A. L Alikfanian. V. M. Morozov and A. V. Khrimian, C. R. Acad. Sci. U.S.S.R. 61 (1948), 
39. We cite here only available papers. 

49) J. G. Retallack and R. B. Brode, Phys. Rev. 75 (1949), 1716. R. B. Brode. Rev. Mod. Phys. 
21, (1949), 37. 

50) <A. O. Vaisenberg, J..Exp. Theor. Phys. 10 (1949), 726. 

51) A. I. Alikhanian, D. M. Samoilovich, I. I. Gurevich. Kh. P. Balayan and R. I. Gerasimove, 
J. Exp. Theor. Phys. 19 (1949), 1716. 

52) S. Hayakawa, Prog. Theor. Phys. in press. Kagaku, 20 (1950), 52. 

58) A. Pais, Phys. Rev. 68 (1945), 227; S. Sakata, Prog. Theor. Phys. 2 (1947), 145, 73. 

54) A. I. Alikhanian, M. I. Daison and V. M. Kharumonoy, J. Exp. Theor. Phys. 19 (1949), 739. 

55) M. Taketani, Private conversation. 
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give the considerably satisfactory results capable to explain some experiments. 
Nevertheless, we cannot help leaning the conventional prescription to remedy the 
ambiguity accompanied by our treatment. Such prescription is supposed to be 
not at all-untrustworthy and suggests a way to the true theory. One must, 
however, not forget that it is, at any rate, a conventional one and can not be 
used without criticism. Then, the life times adopted by us only give the upper 
limits of true values. It seems to be a hopeful fact that the life times are not 
inconsistent with experiments and we expect that the quantum field theory will 
still be valid in future as a good correspondent theory. Furthermore, the model 
of mesons, which seem to unexpectly weakly interact with nucleons, is again close 
to the truth, but it is doubtious that z-meson bears practically all part of nuclear 
forces. Thus our stydy is not the solution but the presentation of questions. 


Acknowledgement. 


We should like to express our heartiest thanks to Professors Tomonaga and 
Yukawa who have often communicated us the foreign works and encouraged us. 
We are also obliged to Dr. Taketani for his invaluable suggestion, especially 
various modes of production mechanisms of c-meson, and to Dr. Miyazima for 
his advices in the use of regulator and others. The deepest gratitude is offered to 
Dr. Ozaki and his colleagues. We could not promote our work without the 
frequent discussion with them in the course of our calculation. Dr. Steinberger 
has also attempted the similar work and contributes to our work by sending his 
paper before publication. Mr. Nakamura has always given us the invaluable 
advices and guided us by his unpublished result about >—3z decay. We also 
thanks to Messrs. Koba, Nambu, Fujimoto and Yamaguchi for their stimulating 
discussions. 


Appendix. 


We treat the decay of a t-meson into » lighter Bose mesons, as it is of 
formally interest. 

According to Tomonaga-Schwinger theory the decay of a meson into 
lighter mesons are described by the effective Hamiltonian density 


H,=| AX! od X™ 2 SHS(X-X 7,8 (XX re pS OP (XO XEN) 7. 


ae (XP XO) 73S (XO—X) rah erty tet Oye UO g (Al) 


since there is no nucleon before and after the interaction and we are not interested 
in the radiative correction, (in this approximatioa U(Uy--U; may be assumed 
to commute with each other.) Here y, ew. represent 1, 7;, 745, 7:7 and 7, accord- 
ing as U, etc. are scalar, vector, tensor, pseudovector and pseudoscalar respectively, 


ty, etc. are either 1 or 7, when U, ex. belong to the neutral meson field, and 


| 
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Tpy OF Typ if UV), etc. describe the charged meson. U, efc. are potentials (includ- 
ing coupling constant) or their derivatives describing meson fields. 


A) Selection rule. 
We show the selection rule for the matrix element. Corresponding to the 
process described by (Al), there is the process described by 
Hy dal de DS, {795 (XX) (XAOS (KOM NOY Fo 
—co ~ z=0 
ry S (X"—X"')r,S (X'-X) Verte tae pO Oe Og. (A2) 


We first concern only the case where not all of the meson under consideration 
are neutral. Then it follows that 
TT ye Tet s=(— LD) tet gt ut, (A3) 


N. denotes the number of c, spin occurring in this process.) accounting for 
3 3 S Pp S 


PanleS = Tome bwrtsss Cy hs 
We notice further 
SoH Tela) = SpColy Ta) | 
Applying this relation to the trace of (A2) we obtain the trace pait of (A2). 
ag S* (LEXY ES (KX rete? SOM LO - KO YG 
ah S¥( XO) — XM) kS*(XO— Xr} (A4) 


where yk=ey,, e=1 for 7,=1, 7 7; and e=—1 for fr=fipetyee bus, (A4) 
turns into 


Set (XS XO Miya spat ee PSO rs 
x5 (X= Xr) x (— 1) Cag") 


(N,, N,, denote the number of tensor and pseudovector couplings in this process. ) 
Remembering the fact that the trace of the product containing odd number of 
y’s vanishes and that 


= fo) = = 0 = 
= eel Oey A ' a Van tpn — ¢ JACK 
S014), SX) =(—75 )4a(X) 
C) a fe) (1) 7 
a) es 2 \4o sey) =(— 72 — x) d(x 
sox) =(12.—9)4(X), SOA) =(— 15 )a(X) 
the trace part of (A4’) is reduced to 


Spur part of (A.1) x (ofl euros (Ab) 


(NV, denotes the number of vector couplings occurring in this process.) Combining 


(A3), (A4’) and (A5), we obtain finally 
Hn=Tiys (aye, (A6) 
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We see from (A6) that the matrixelement (A1) and (A2) cancel out with each — 


other if V,+V,+N; equals an odd number, so that such a process is forbidden. 
In the case where all mesons are neutral, we obtain 


Trt yt Tet pT 7g T wT (A3’) 
instead of (A3), because in this case all c’s are 1 and z,. In this case the 
selection rule is simply read; if V,+¥,= an odd number the process is forbidden. 

B) Svatuation method. 


In order to simplify H we substitude Fourier integral representations for the 
functions involved in (A1) 


she wil (iy K—z) 
Meee P\ aKaxx PK—*) 
(*) (Qn) j fe TTS 


S®(X)= es dKA™* (ik —x)8(K?-+2) 
M=U ee? px 


where 7P,<0 or >O according as UV, contains the annihilation or creation of a 
meson. Thus we obtain 


1 co 
= nym dal = eg MMH K+ MF PL)A! of — 204 INE Py) XM. 8-H 4 RM ep 


x UU yVa| AKAK"...dK™S,\ (i7K —2) 7 (i K! —2) ry 1s(i7K—a) rz} 


x 33( 1 1 1 1 1 


. ee Ya | 


Dae RE Rae ROE KOE VEO 


(A7)* 


Various simplification can be introduced, firstly 


n 1 i 1 
ee ee a a ee (2 
2G Ke+e Km p28 a(x +2) 


1 
=| da,--| da, (—1)"P,0°(2+5K2 +6, Ke + -- +6,K 0), 
~1 -1 


where 


polite, goloa lee. @ alma lam, Ioaey 1a 


€,=1-4 1-4 1—a,_, 1—a, 
2 2 9 9 ’ 


and 


P= E88) |(Asat, Ina if 1a) 


: 
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secondly 


1 | ae 
F | ptee av ==0 (0), 
(2)*. 


Then A; is reduced to 
1 


= Bay RAK ROO K-R!—Ps)(RI— KP) OK KO, 


x OU yU yx Si (7 K—2) 71 (G7! —2) 7a 15 GK © —*) 77} 


1 1 
x { da, \ dat, (— 1°70" (08 + EK? +b, Ke + 46K). -(A8) 
= =i 


We then make the substitution 
R=R+ (E,+6o+- + oa) Prt (Cot ton) Pu ti +o PraK +a. 
Kta=K+ (Spt bgt oat Put Est 8) Pyt +S Ps= K+ B 


K™=K+ (E+E, ++ +85) Ppt (Ft + Sn) Prt vit, Pra KH. 
Making use of the relations 
GOD Ge ae K!—K"=Py,K% 9-K™=P; 


and the energy-momentum conservation law P,+ + Pr=0 (from this we obtain 
K™—K=P,) and ELE pnt boa land Euté, B+ +&,C=0. We obtain 


= 1 1 me 
Gas * [ak OU» Ur) da,:--| da,(—1)"[,0" (24K? + $a? + 6,2 + ve $E,07) 
7 
ai ef 


x Syl ip K+4) — rr (K+ B) 2) ruts (K+O) —O 77}. (AIO) 


The integration over K is now performed. We start from the next relation 
[akesa(4) =|ako(4), Bee te eed 
Differentiating the above formula with respect to A, we have 
jokes (8'(d) +20(4)) = jaKo"(4) 


or 


faxersa (4) = \ iS —a)o(4). 


Repeating this differentiation we obtain 


[ake29” (4) = jak (4 —a) 3(4). 
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Expanding with respect to the power of a@ and comparing the coefficient of a, 


we obtain 
[ak ar*a"(4) =0, for a>0 (All) 
Jak ar so-(a) = (—1y"* [aK or(a) aK a>0 (A1V) 
a! 


Then we use the next relation 


{ak 0"(4)= é | eKat, + 2 3(42—K?—A) 


2k, Ok, 
el { Lee flog (K+ V E+)" 9). (A12) 
ye Vk? 4+ A . Keon ss A 
Differentiating with respect to A, it becomes 
f dK e"(4)=2/A (A13) 
Repeating this differentiation we have 
= —2)! 
[eko"(a) =(—1)* eas. (Al4) 
Inserting (A14) into (A11’) 
-, ! x 
aK a"-*5"(4) =(—1)*_—* Alb 
ekarem(a) =(—y nt (A1d) 


Using (A11) (A12), (A13) (A14) and (A15) the matrixelement (A10) can be 
easily evaluated. The integration over da,--da, is not so simple, that we expand 
with respect to reciprocal power of nucleon mass x, assuming the meson mass are 
smaller than nucleon mass. Then the integration over da,---becomes the combina- 
tion of next simple integrations, which can be easily given as follows. 


‘1 ‘1 
| aa, faye ['day E240 weave ll Borel h 5. (Al6) 
tae J (a+B+---4+y+n)! 


Thus we can evaluate the matrix element by the expansion of the reciprocal 
of nucleon mass far easier than ordinary perturbation method. There is no 
divergency and ambiguity in the matrix element of the decay of a_ heavier 


meson into four or more lighter mesons whereas they appear in lower order 
processes as mentioned above. 


Note added in proof: The angular distribution of produced z meson by 7 


Symmetrical, so the experimental data is in favour of pseudoscalar meson th 
Parison between various phenomenon of m 
Y. Fujimoto, H. Fukuda, S. Hayakawa, 


-ray is not sin®@ but nearly 
eory than scalar one. Com- 
€son will be seen in Prog. Theor. Phys. (5 (1950)), K. Aizu, 
K. Takayanagi, G. Takeda and Y,. Yamaguchi, 
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§ 1. Introduction. 


Existence of a heavy meson (z-meson) having the mass about 700 ~ 1000 
times of an electron and the fact it disintegrates into z-mesons is almost confirmed 
by recent experiments. For example, G. D. Rochester and C. C. Butler” have 
reported the processes which are considered to be ct>amt+2° and cmt 477 
and C. F. Powell and others” have observed the decay process in which a t- 
meson disintegrated into three z2-mesons. Furthermore, L. Leprince-Ringuct® 
obtained the interesting photograph in which a 7”-meson gave rise to star and a 
a-meson, produced that star, led to the next star. Among them, Powell and his 
coworker’s experiment seems to be most convincing and Leprince-Ringuet’s photo- 
graph indicates us the fact that the coupling of z-meson with nucleons is not so 
small because of the production of star. From the evidence mentioned above and 
the unstability of a t-meson, it is reasonable to consider that the process occurs 
via nucleon field and a t-meson is a Boson. If a t-meson is a Fermion, Powell’s 
process occurs as the following : 


1) ttoN+ Pt oat Po +P tom tm +P a N+O 
eps ee (=° spin}) 
2) eto Pt + P-4+7ont4N4 Pit cfort tatty z,* sping) 


As for the case 1), the momentum law being satisfied by three particles (Powell’s 
evidence), it is difficult to consider the other uncharged particle besides charged 
mesons and the mass of a t-meson may be not so heavy that it disintegrates 4 
particles. On the other hand, in the process 2), t,* meson is not 2, because it 
is a Fermion. Therefore in thi8 case, we cannot help considering the new particle 
which has an almost same mass as that of a z-meson and spin 3 and whose 
interaction with nucleon is fairly strong. Judging from this point of view, it 
seems to be reasonable to consider a t-meson as a Boson. 

If a c-meson is a Boson, Powell's process occurs as the fourth order one in 


the perturbation method : 
cto P+ Nort+ N+ Nont 4274+ P+ Nor 40 + qe 
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ct-snt4x and ct>2*+7 occur generally more rapidly than. 


while the processes z : 
the former, because of the third order process. Therefore, in order to explain 


Powell’s experimental result, we ought to seek the forbidden case of c*7* +42") 
In the process -t42¢47, the following cases are forbidden® 


and r+->2*+7,. 

1) when both 7 and z meson have spin O. . 

2) when ct or x meson is the scalar meson with vector coupling. 
In the process r#->7z*+7°, the cases of pseudoscalar + meson and scalar and 
pseudoscalar 7 mesons (ps—s+s, ps—>ps+ps) are forbidden for both symmetrical 
and neutral theory. From these results following choices for s*->2* +27 +2* are 
allowed, that is: 

1) ct is pseudoscalar and z is pseudoscalar. 

2) 7 is pseudoscalar and 7 is scalar. 

And from the selection rules for the fourth order transition process, we find that 
the all combinations of the former 1) are allowable and those of the latter 2) 
vanish. Besides the problem of searching for the decay schemes of t meson 
consistent with experiments, there exist theoretically interesting problems con- 
cerning with the divergence, gauge invariance theorem for meson-nucleon- photon 
coupling. In this connection the examinations of the applicability of Pauli’s 


regulator® were made. 


I The Decay of --—7+y7. 
§2. Method of Calculation and the General Hamiltonian Form. 


The generalized Schrédinger equation for the system consisting of nucleons, 
photons, z and z mesons becomes as follows : 


OP le] _ 
da (X) 

ACN, 0) =Ag(z, 2) + He. (=, 4,7,6)s 

HAN, 0) =H 7) +A, 7) + He. 7) +A, (e, 2) + (2, 0, 7,0) 


th ={4,(X, 0) + A(X, 2)} ¥[o], (1) 


where = (1, 7) =—iedeppyPA,, $=P*7q (2) 
=| Wyre — * G Ce) GY. = 
H,(2,2)=GU*W+ ; at pe Pa PANNA Ce. (3) 
ee ee ie av aU* oy 
A (ey7) te, al eae =), 
in) ( u)- (= U*U{ AS + (Node) 


(4) 


Het, 2, 7) = Se a =A, (U*P,— P.*U) 
G, te 
+ er (A.NP3N,U*—A,NPs*N,U) (5) 


v 
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ie b(i7s) tye?, Po = id) (s)TatwreY,  *= a 


h 
for the scalar (pseudoscalar) zc-meson. 
For the vector (pseudovector) c-meson, we get 
Hels, 0)=— GU ei Pat UBS EGE Sa S84 AGP APN Ne 
4, 4 , 
FGSSESY NGG} FOX. (6) 


Her) = Lh] 6 AVE AU) Uo TE (ATs A) 


les 
= (—— ) HAA) (ALG eA 
(2) (AU AT) (AUs Ae) 


4.2(A,U—A,UE (AT Ae) VsU rN] (OD 
cen) = — #. { A,UogP,*N,N,— AU&P,NN,} 
xs a 2 | (AVE AVE) Sus (AT AU e)SE4+2(AgU# — AU 8) Sues 
—2( AU )—AgUs) SEN, No} (8) 
Sas=—ib (1s) afotwrP, — Ves = oe = 


where WV, is the component of the normal to the surface o and the other quantities 
express the usual meaning. For the z meson, we have only to replace x, by %« 
and G by g in the above expressions. The commutation relations ketween these 
field variables become as follows: 


(U(X), en Bec 5 (9) 
[U.X), UEC(X')]= Anihd( 80 — Fogg fae ae (Y—X’) (10) 
{pa(X), P(X’) | = — 7S 5p( X— X") ty— tS ag XX) Te 

Saa( XX") =( tu ge — ARH), =A (11) 


M=nucleon mass, other commutators=0. 


As our process occurs through the coupling Gge, it is convenient to make the 


following canonical transformation 
V[o]=U[ol?'[o] (12) 


where U[a] satisfies the relation 
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ite Oe =H Ke) Ula (13) 
By this transformation we get 
the tA U-[6]H,(X, 2) U[o]¥'[e]. (14) 
da(X) 
Then in the order Gge, our generalized Schrédinger equation reads 
2 OF'\a] ; 
—+41=(P R)F 
aSPlel (P+ O48) (3) 
P=A+B, A=—+_| doll Hos(®, n, 7,0), H,(x 2)] (16) 
c 
Ti f" [" 
a a , d ” - , - ” 
(tic)? J ds a i[He( , n), H, ( TI, H, (z, n) | 
+([Ho(=, 2), H(z, 2)), F(a) ]} 7) 
O=C+4+D, C=— [dull Hel, n), H,.(2, Hs a) | (18) 
c 
1 o o! 
= —Gaae] oo Ja" [l H.(<, 2), Ae (z, r)], A'(2, n) | 


—. [Lele m), He, He]! (9) 
ae al fo" [LHe (=. 0), Hy (a, 2) Ji." (a, 7)] 


+ [[He(=, 2), A (2, 7)), FH," (2,n)]} (20) 
Fig. 1 
A < £ ’ i 
, oe, cae = 
— S 4 “= 
Fal 
aes n Tr ! 
R / "| 
iy / 
/ : Ke 
al sa 7 D 2) ae 
/ / — 
(e p / ? ‘ 
apa ? 
ere | ; 
Ps te 7 
| / 
| 
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According to the Feynman’s diagram, these terms correspond to the pro- 
‘esses shown in Fig. 1. P and Q are the processes where 7 and = mesons 
interact with electromagnetic field respectively and moreover they contain the 
noimal dependent terms. Owing to the Furry’s theorem there are many Cases 
where these terms vanish. Generally, it was shown by Z. Koba® that such normal 
dependent terms are just eliminated by the next higher effect of the Hamiltonian 
density. In this case the normal dependent terms of A and C are canceled out 
by one part of the term containing second derivatives in B and D respectively, 


Le., 


| aiat D(X— X") F(X") do!" = NaNgl'(X) + | do"DX— x yaa’, FLX"). 


—o 


Therefore the total expressions are independent of the assignment of the surfaces. 


§ 3. Formal Proof of the Gauge Invariancy. 


Though our proof may not be completely strict,” it is possible to show that 
whole expressions are invariant under the transformation 


A, 4e+ 94, ((JA=0). (21) 
1) The cases when P and Q vanish. 


Using the relation (7d +x)S °C Y—X")=0 and (7a+2)5(X—X')= —WX-X’) 
and integrating by part, the term containing A in becomes 


pe a7 Gee. [tal (AAS {SO (XX) OWS (XX) 0, 
2 (Ac)? 
4 §(X'—X) 0,89 (X- XO.) 0V! (22) 


V= wave function of 7 meson, which is 


where U= wave function of 7 meson, 
egrand is similar to those of 


proved to be always zero in this case, since the int 
P and Q. 

2) The cases when P and Q do not vanish. 
(22) the contributions from P and Q, 


In these cases, adding to the terms 
e invariant under gauge trans- 


the whole expressions can also be shown to b 
formation. For instance, in the case G.( ps)gi(puye each terms containing / are 
given by 

oA 


Gyerennt if ! ’ */ 
1 pets sha FOXX NC VF, 
pi (ic eC ( sr avao’ 
Shr eet ee \4 EC X—X! BA 4 84 1)y,* 
eee (ei, 2 ana \ i( eee yr 


G £¢ t iC , ry OU pri xe 
Ds 2 _o1 dw! F (X—X')—— AV, 
x (&c)° 2 : OXe 


_-o 
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a 4 fo) U7 
Gy SS be { dw! F(X— X')(4— A) vad 
x, (hc)? -2 4 aXe 


wuere 

FIX) =S,\S° (X= XreS (XX) ate + S (KN) rape? (XX rata} 
which cancel each other. Summarizing the results of 1) and 2), the gauge 
invariance seems to be formally secured for every case. 


§4. Formal Proof of Equivalence Theorem. 


According to Case’s general treatment of the equivalence theorem for photon- 
meson-nucleon coupling,” equivalence theorem is also expected because our case 
is of the order Gge. 

To verify this, we put in R, U->3d,U, 0:=77. and G=i/z.G,. U denotes 


the wave function of scalar (pseudoscalar) = meson. For scalar (pseudoscalar) _ 


= meson with vector (pseudovector) coupling, the usual procedure gives for R 


pigs See 
2 (dc)° 


[ae i de!"S, {S(X—X") 0,5 (X"—X)r.5 (XI—X) O;, 


+S (X—X")0,S5 © (X"— X")7e5 (X’—X) 0, 
+S (X—X") 0,8 (X"—X")ypeS © (X—X) Oj CAV" (23) 
R=0 ( part equivalent to pseudoscalar coupling) 


Gs ergs 


~ | Uv+| do! A, Spi SOCX— X) eS (X’— X).75) 
Ro (hey” 2 


—o 


+S (X= X")peS (XX) (7;) M} 
+ vA,{ dw! V*'S,{ SO X— XMS X’— Xyel7,) + S(X— XMS X"— Xralr) 
an (24) 

Using the regulator and removing the zeroth term in the expansion of the 
power []/x°*, the first term in the above bracket is zero by the relation []4,=0. 
The second term, as is easily seen, cancels the first normal independent term in 
(16) exactly. For the remaining terms B and D identities are easily verified. 
Thus, formally identities hold if we admit the regulator and drop the undesirable 
terms. It should be, however, remembered that in these proof expressions which 
may contain divergence are removed by the law of conservation of energy and 
momentum or usual canonical transformation and sp our procedure cannot be 


said completely rigorous. 
§5. Calculations and the Use of Regulator Method. 


Using the representations of the J and 4® function proposed by Schwinger™ 
and resolving the Hamiltonian deasity for the order Gge into gauge and non-gauge 
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parts, it is shown that non-gauge part vanishes except the leading term in the 
expansion of [_]/x°. For the typical cases we get the following expressions, 

1) Case of G,(ps)gi(pv)e 
(P+Q)=(P+Q),+ (P+Q)- 


Gat ee ote rE a sin ze lier exon et oVx 
Ps). = 1 iw +2 div +-— —*- +} _U F,,— 
(P+ Q)1=—" Go? Qn? 2 Ligehnd iw bs : 


+ {2 2 [eS deo 4 Os 420) 74070" 
w 3 


3 x 4 
ete A Xe oe ”(y—1) OV 
P+ ge 3 pin Sed |G Soe Wu dy UF yy°"* 
Ete) era ¢ 9 (27)? 8 res oy 1l—y? 4 a mover 
ae 
KK RS 


Bete ie Sif och *f os" © dw AgVet — AU AVE U Foy 2V — 20 A, VE | 
4; (#e)7(2z)*.3 aw 6 OX. 


= paket! \ du [abe mares xr mss x be 
x, (he)? (2a)? QW 2° . re TP ee 


avy 
x[ 3 a2) (84 61+ 5y— Ao —3u4) = +(1—2") (4— 4u— 1, * NoF, SE 


2) Case of G,(p)gi(pr)e 
(P°+Q'")=(P'4. 0"), + P+ OQ) 2+ Loa Zartie 
, , Ogre —i “COS W 4 C7 AV,* + 

(Pt oe Gey em) wm ( 
Gute —t * % 


Leyte) 


aV,* 


1 
re. / P 
Clas lien (ic)? Qn)? 6 2 x ” OX, 
; Ce th ee aa: eed Gi ABN paced 
EOL a (acy? 22)? 16 #2 xt J Ia ‘ ax. 
4 x 


Te aay + Ia + Ie 


Ry) =obE al [SSP deo pa loa. Ve", 
(4c)? (27)? LJ w 2 


1 Gi Z 1 Fe, OV 0 

, Fa (22)? 6%... OX 

° dit ase v—u){—2(1—v) 1-4) an + (la=v))x \ L 
raed CRS) yaa jl" Xe re 


5) 2 


Du" tm das i2 


aV,* 
0X. 


—Gigie i, 
~ (acy? (27)? a 


x UF os 
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Those terms which are divergent and non-gauge invariant can be removed 
; oy er : 1 ats Re : 
by the following conditions imposed on regulator” which are written in the 


bracket. | 
(P+Q),; Jp(~zlog|x|de=0, J p(%) log|x|dx=0, f p(x)ax=0. 
(P'+ QO’); § Vx p(%)dx=0, 
tres j p(#)dx=0, { p(x) log | #| de=0, 
ee § Vx p(s)ax= 


To secure the equivalence theorem we must remove the terms (/”+ Q’). and 
R,! which are gauge invariant and seem to be absolitely convergent. Therefore 
the equivalence theorem does not ho!d in this case. 


§ 6. Selection Rules and the Life Times of these Processes. 


After calculation, it turns out that the following combinations of + and @ 
mesons are forbidden. 

1) The casés when both + and z mesons have spin OQ. 

2) The cases when < or z meson is the scalar meson with vector coupling. 
In these cases, the use of regulator is made and the diverging and non-gauge 
invariant terms are removed. 

The rule 1) is easily understood. Under the request of gauge invariancy 
the interaction Hamiltonians in these cases must be the linear combinations of 
Fia30aUV 0,0", T:9*0.0,;U and F,,U0.9,9* which are identic: ally zero. Taking as 
the constants the following values and using the regulator 


Gy/hke~10-*,  g*/hkc~107, x, =900 x, 2 = DUO. x, 


the decay life times are as follows and shorter than 10-™ sec. 


eee pt 


Gi) give | 42x 10-4 sec Gs) ge(pse | 2.6x 10-1 sec. 


2.8 x 10-14 sec. 


Cs (pv) Bat) ¢ 2.3x 10-15 sec. T Gal 


Cpe (ere i 1.5.x 10-15 sec. | A@Osi@e | 4.0x 10-15 sec. 
Cy 99) a (pude | 13x 10-13 sec. | G,()ga(v)e | 8.1% 10-33 sec. 


} 


Il. The Decay of ttt + 2) 
§7. Method of Calculation. 


For this case, the Hamiltonian density corresponding to (14) is the following: 


C. Cc _— 
rae Jfssts(rray OS (X— Xx) Or5(X!'— XX") Oz 


te (XX) OS (X"— X") OS (X'— XO, 


where 
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eS XS XO S (XN) O55 (X'— XO,— 

Pes 0S (XE X08 (X'S XO; 

ES ( Xt GS AX oe (XX ).0, 

eS CA 0S (Xr Os COX — XV; } 

x OV, Wide! do" (25) 


U,, V, and W, are wave functions or their derivatives of Bosons, VU, of 
initial and V, and W, of final and O,, O, and O, are Dirac matrices. 


to 1 for neutral and —1 for symmetrical theory. Applying the Schwinger’s 
expressions for the S and S“® appeared in (25), (25) can be written in the 
following form 


i 


dpm 


ahs po 


rasa 


H= FH, + y+ Ayn Fliy 


EGET ES € 0 o/ Or da Ic 
Om 0,0,0,){ fi f(a (at ) (dk a jadbd 


x Se(&, n)e( Ay” )e(2*) e(R) U(X) Vi X+§) W,(X—7) dé dy (26) 


—co 


a prose) (th) (de) (abe [dates $,(0,0,120s—€OstaO0s) Le 


4 Sy (Ojfe020,—€ Os 072) Ma + Sy (Fass € 0,02 072) Na} 
x08, q)e(d2)e(#)e(R) U(X) Vol X44) Wy X—9) a ay (27) 
Hin=Hin atHin, » Hw=Hy, at Ar, » 
-, wee : pals (dk) (ee datotes| S,(Oi7201s0s 
4 On Oste0,) MeLn + S140, 0afeOs + € Oe 20st) Nik 
+ S(7207202903+ €O;0o70O17'3) Mas} 
x 0(€, pedi? e()e(R) U(X) VX +6) Wi Xn) dSdg (28) - 


Gof 
~ 8 (he)? 


S (Osan 0s + € Oni 2Os7aO1 + FeO ia 203 + € 202% aire 


+ 4401027203 ae 60.7.0. OF) {\c) (dh) (dh) (aif) \ dadbidce Shy e é, 7) 


x 0(BY")e (#2 )e(R) TX) Va X45) Wy X—9) de dy (29) 


where the siffix # of £9? does not mean summation 


iy a 


aan ae is Sp isOs%a Oris = €Osf O27 ais) \\ [ \ (th") (dh) (nr) 
a —o 


x ie dadbdcSMN,L eb, neh (ROL X) VAX + 8) W(X — dey (30) 


—oO 


é equals 
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cin a 
siiaadle 10.1) 0.9 
a oe | Oyj Osta Os's—&7 3 Ose Oo a1) 3+ S,( Or 2 Osa Osa — €Fa Osta Oot 301) Ms} 

x be (E, nye(her) e( 2) e(R) JO, X) V(X +5) WAX +9) ds dy (31) 


iGef \ ffaen(ceny aur “dado S§ Spl’ Oates, Os—€ Oss ava Ora) 


=O 


where the suffix 7 of £2” does not mean summation. 
In these expressions the following abbreviations are used 


soabrysft : \( a , eG, n) =exp (BE, 4 2%), 
e(x?) =exp (at d+c)x, e(#Y"?) =exp t(atb4+c)hy”, 
e(R)=exp (—2) { ax, + dx; + (ak, + OBY)*/(atbte)}, 

Lo= (ako + bh") /(atb+c), M.= 2B; WAL: 


x is the reciprocal Compton wave length of a nucleon and x, and %, are that of 
V, and W, respectively. € and 7 stand for ¥’—X and X—X”. 

These terms are classified into two sets of different kinds, say, A, 7j,, and 
fT, Hy according to the number of matrices 7, contained in O,, O, and O,, fot 
the spur of the product of odd number of 7, vanishes. In the case of a 7-decay 
of a charged meson, according to its non-symmetric character of the coupling 
with nucleons, only such terms remain that the order of O,, O, and QO, in the 
spur is 0O,0,0,- Ai, 2 and Afyy., are the terms containing logarithmic diver- 
gences. It is necessary to notice that AH, and H;,; contains the odd powers of x 


and /7,,, Hyy even powers of x. We use the symbol [z'] for the former and. [z*] 
for the latter. 


§ 8. Selection Rule. 


In calculating the transition processes of the third order, making use of 
Hamiltonians from (26) to (81), it is found that there is a certain selection rule 
for the forbidde1 processes. For example, in tae case of **-+2*+2°, assuming 
that z* and 2° obey wave equations of the same type, we have 128 combinations 
in all. Among them, many terms vanish by taking into account the characters 
of spurs, forms of wave functions raised from the differentiation of 4 and 4™. 
Anvestigation of these vanishing terms shows that if the spur of A, vanishes, then 
the spurs of //;,, vanish and if the one of the spurs of H;, vanish, then the rest 
of 77, aud the spurs of AZ;, vanish. When spur of 4; vanishes identically owing 
to os existence of 7, (say, the case of the form Sp(su7y), it is necessary to 
examine one of the spurs of Hi, 4 This fact is of very interesting and we have 
reached the following selection rules held for the forbidden processes. Namely, 

[x"] S,(0,0,0; +€0,0,0,) U,V,W,=0 forbidden 


ako allowed (382) 
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[x] S,(0,0.7.0;—e0720:0,) U2 (Vil) =0 forbidden (33) 
=EO allowed 
In the case where (32) vanish identically owing to 7,, then 
[2] S,(Oy7.0.7.0, + Og O720. 0, 7) =0 Hageaness (34) 
aig : 


=-0 allowed 


This rules seems to hold usually for the third order processes of such type that 
the Boson interact symmetrically with nucleons. Together with the equivalence 
theorem stated in §4, this rule indicates us the forbidden processes almost 
perfectly. Using the relation 


Oe (Fe7's 9 2 aie a Lures = os Oars ae revo) ’ 


almost the most part of the above selection rule is simplified as follows. Since 
the orders of matrices containing in the selection rules are opposite in the first 
and the second terms except the order of matrices involved in O,, O, and Os 
Ji i 
Oeil Gis2 COySe\i Ci Soho Coih Co8\f2 Cosa f GaSofo 


sosts ND(1) | sD) | SD) —* SD (0) —* —* SP (0) 


sopstps | NDQ) | NDO) | MD) | ND) | SPO) | SHG) | SPQ) | ID(0) 


ps—s-ES — — — — — — a — 


pPs—pst ps —_ — a — _ _ —_ =o 


sovta | WFQ) | wo@) | wee) | wea) | soo | spay | sa) SD(0) 


saputpy | ND) | SD) | SPO) ND) | 3D) oe —* SD (0) 


porutv | NF()o | MDO) | NPC) wpa) | NFO) | FQ) | VFA) | VDO) 


popotpu | NF()o'| SD) | SPO) wp) | NFO) | SDA) | 9DQ)°| DO) 


vosts SD (0) —* —* SD (0) — —* —* SD (1) 
gopstps | SD(0) Va SD(1) : SD(A) SD(0) aie. - SDOy SD(0) 5 sD() 
| purs+s 2s AN — a 9FQ) ; si BS aie | SPQ) 
po-rps+ os aS — = — SF) ; SD(0) SD (0) SD(A) 


youtv SD(0) SD()) SD) | SD) | SDQG) | IPO) | SPO) | SFA) 


y-pu+pu | SD) NF) | MFA) | SD) SPQ) ND(0) ND) SHA) 


porvtu | NFO) wri) | NF) | ND) | SDA) | SPO) | SPO) | SFA) 


po-puspo | NFO). | NRG) | 9DQ) | NBO) | SPQ) | VP) NWD(0) | SFC) 
Table L 
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when the order of 7-matrices included in O,, O, and O; are interchanged in the 
second term of the rules, then the second term becomes equivalent to the first 
but for sign. As the O, whose sign is altered by conversion of the order of its 
factors iS Ysy uty and 7.7p7 therefore, the second term alters its sign when — 
the number of 7:7u» 7u7%v Vs’ We call this number “ K”’, is odd and does not 
when KX is even, if we make the order of 7-matrices of the selection rules more 
simply as follows: ; 
[x'] is forbidden when K is odd for e=1 and K is even for e=—1. 
[x] is forbidden when KK is even for e=1 and K is odd for e=—1. 


However, as is easily seen, this rule is less satisfactory than the above and is, 
so to speak, the necessary condition and not the sufficient one. 

The results of adopting these two relations are listed in Table I. In this 
table G and F stand for the coupling constants of a t-meson with nucleons, g and 
f of a z-meson. And, for example, in the case of a pseudoscalar meson, suffix 
1 stands for its pseudoscalar coupling and suffix 2 its pseudovector one. S means 
that the term is allowed for symmetrical theory (r=7;) and MV for neutral one 
(r=1). It is easily seen that S and 4 are mutually exclusive. Div. and Fin. 
are abbreviations of ‘‘ containing divergences”’ and “containing no divergences” 
respectively. Symbol * denotes that it vanishes by equivalence theorem. 

Symbol o denotes that the equivalence theorem holds between those terms. 


D; Div. F; Fin. (1); [J (0) ; [2°] 
§ 9. Decay Life Time. 
Decay life time about several examples are calculated. 
ex, t Gigif, of s—ps+ps 
2G 1 Bu ee £080 ey — 2G yyy 


Tan) (ite)? (27)? (ae)? 
= Ed _ 2a, — it. a eeeeee 
ee (2 2 UVW+ 


The first term is moran off by the condition { e(x) log |x| ax=0. The life 
time due to each term is the following : 


“ie 


= anon the second term) which is dropped off, if § o(x)xdx=0 


T. en ll ; is used. 
o=9--4)r, 
where 
i ee eihe ot 4x5)? 
age 
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‘ex. 2 GigyJo of » spss 


Wa 2O&ito _ 3 (42 1) "cos zw , 
Se Aid am lr 


a xr 


eeeere vee 


xG.2sfo 5 DORs 5) 
9 2 ao Ra ate 
2(2z)*( Re) \ 3 2) a Saeks 


where 


The first diverging term is dropped off by the condition § p(x) log |x|dx=0. 


a | 1 ( 20 rae Dia Xe ) 
ra = o- = RS 
: 64 et Sane it 


These numerical values are listed in Table 
Il. As for the other interaction types, 


SR IS 


: : 4 . 1 (4) 3.5 x 10-1 0.9 x 10_14 
almost decay lifé time lies in general (4) | 1.6% 10-% os eee 


£10-“~10-” sec. 


. f : ¢| ® 0.5 x 10-18 
(A) is the one obtained by putting a (A) 03x 10-20 

ge/he=10' under the relation aes 

Gj = 24/%nS- he 


(B) is the one without using the above relation. 


The first column can be removed by the regulator § e(x)zdx=0. Therefore 
these processes must be prohibited. 


Ill. The Decay of rtoont tat+n7% 
§10. Method of Calculation. 


As mentioned in II and III, the decay life time of t>7+7 and ct>2*+2° 
lies in general 10°“~10~™ sec. Therefore, in order to explain Powell’s ex- 
perimental result, we ought to seek the forbidden case of the processes mentioned 
above. In the process 7>7 +7; the following cases are forbidden 

1) when both z and = mesons have spin 0. 

2) when t or 7 meson is the scalar meson with vector coupling. 

In the process t*->72*+7°, the cases of pseudoscalar 7 meson and scalar and 
pseudoscalar 7 mesons (psosts, pspst ps) are forbidden for both symmetrical 
and neutral theory. From these results following cases for +37 are allowed, be 

1) ¢ is pseudoscalar and 7 is pseudoscalar. 

2) << is pseudoscalar and 7 is scalar. 

Next, we shall calculate the fourth order process. Hamiltonian density of this 


process has the form 


—— 
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H=cOGU, + fPOgpV,+hGOg We + GLOW 
= H,+H,( =GPOYY,) (35) 


where the same notations as part 1 are used. Y, is the wave function of + meson 


and U,, V, and W, are those of 7 mesons. The fundamental equation is 


re Ati We = 
5X) §(X)?[¢] 


and after the canonical transformation just like as part 1, we obtain 


ac o2 19] _ 77(X) B[o] 


da(X) 
where | 
ears 3a of oft 
te) j dal j du" | de!" He" [Hi Ae, Hal] (36) 
c 
which is to be calculated. 7 etc. stand for A,(X") etc., respectively. 


Performing the analogous calculation as in part I and II, we obtain the following 
expressions for H, that is, 


Ha So a ees (37) 


where H; (¢=1,2,3) has the general form 
Hy= | VD V Wide) SS, SO(X— XY KSAT XLS (X" —X"MS(X"— XN 


— FSR XN KS (XIX ES (X"—X") MSO(X" — XN 
+ S®(X!—X) NS (XX) MS (X" —X"\ LS (X"— XK 
— FS (X= X)NS (XX) MSO (XX LSO (XX) } (38) 
si Hf, is obtained by substitution 
K>0, IL-0, M-0O, N50, 
H,, by replacement X/->X", X"'—X’ in the spur and substitution 
K>0, L-0, M-+0O, N50, 
and Hf, by X"—>X'", X'+X" in the spur and 
K->0O,, L-0,, M-0O,, N-O, 


‘. (dw) means do'dw"deo! and the wave function has the form Y,U/V,"W," in | 
every set (G=1, 2,8). >} means summation over the four terms which is obtained _ 
by moving the ‘position of $® in the first and the third terms or that of S in 
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the second and the fourth terms of the expression (38) to the right. Obviously, 


the second and the fourth terms vanish as they do not correspond to any real 
transition processes. Using the Schwinger’s expression for S®-and S, we obtain, 
for example for Hj, the following expression 


PV) (X-O X=) CX +8) (do) 


Tees 


ab: B(2n) "2, 


x \ (db) (dk!) (ak”) (ae"") | dadbaede 


“Gia Fa ane cl sree ea 


x Sl raba—*) O,(izahy +%) On (tr zhy!’ + x) Os (treks —*) Os 
+ On iz she! + x) Og tx ky —*) Oo (ir eks’ —*) O;, raka+*) | 
xexpi{ kul + Fu (Cu— me) + An (Fu tn) $e ous 
xexpi(atb+c+e)x exp i(akit bhy + chu? t+ eku”) (39) 
where E=X!'—-X, of =X-X", C=X—X". 
Now transforming 4,’s to 44’s by the formulae 
hy hl + {eh + (ete) hy + (b+ct+e)hi'}/(atd+crte), 
Boke + {ek — (c+e) Bi +aky'|/(atbtcerte), 
Bik" + {ch + (a+b) ky + ah! /(atb+cer+e), 
Bohl + V(atb+e)h— (a+b) hi —akii""}/(atb+er+e), 
then (39) 


= —y) W(X +6) (dw)\ (dh) | (@A) Sx Sp 
Hemera | MEO LAO H(A) MKF ) (ae) | (a) Sx Sp 


x exp 7(E,20 + mhu + Cyhy' exp i(atote +e) expi(atdtete) hy” 
xexp(—i) {at b+ c)ex+ (a+é) (cte)xota(dtete)e +2(a+b)chiky 
4 2ack AY! —2a(c+e)hyhn' }/(atore+ e). (40) 


Sif errs ] in (40) is the same as in (30) except the fact that the k,’s are replaced 
J D 
by 42's, (dA) and (dé) stand for dadbdcae and (dk) (ak) (dh) (ak) respecti- 


vely and 
Sale tere lel aot eaee Bei 


_ #)’s satisfy the conditions : 


Be+xi=0, MitxZ=0, hy? +x'=0 eh) 
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that is, #2’s have the meaning of the momenta and energies of z-mesons. Then, 


we transform the variables a, J, c, e to u, v, 7, w by 


a=— wu(u—1) (1—2), b= wu(u—1) (1+z), 
Dx? 2x 


pa ui +7), f= 1 wu(1—z). 
2x Qx 


After these transformations, we obtain 


(dA) = (u—1) 0’ || dudvdzdw, S=8 = 
4x | ze’ | 


and the domain of these variables are determined as follows: 

—l<v<l, —l<e-<l1, l<u<m, —M<wcom. 
Syl ere ] is divided into five parts; S,[------J= 3 I’, and [; is the term propor- 
tional to x. Finally, we obtain for AH, the Pe expression 


z 


al ¥(X)U,(X—0) Ve(X—1) W(X—F) (de) 


~ 4(22)%x 16 <3 
Co) 1 1 =) 
x [| wd \ do| ds| du 
—7 =i = 1 
x a (u— 1) x vt, exp(i =e pce He" exp trv? (1—f) (42), 


where 


ve (Qu+2—-1)(1—s) 23 eae ne * 4 (u—1) 2) (evtu—v41) x° 


420° x 412 x 
4. (¢—1)C—s) & ae Hy (w—1) d—v) U—s) Aan’ (u—1)(1—2) a 
ue x Qu? x « xr 


Employing the abbreviations 


1— 
A, aera - # + AN + — y (wob uo eS ae 


it 
By, = ways 5 (#1) (12) a8", 


l—<« 
Cy —— hy + (u— 1) 40 + x (w—1) (A—v) hn" 
5 5 (l—w) ky", 


— 1 7 _ 
Dy = 5 2ute— 1) (ua — 2 (w= 1) (12) a 


1 ca i in i 
¢ n be written, in the required approximation, in the following forms 
oe 


On the Decay of a Heavy Meson into Lighter Mesons 389 


ie ACPO TODO, + O,8 Osx On8O 2) A" Bae patna! 
— alr (40,8 O.7 0.80, + O,00.7 0.804) CDs 
—S,(7O,80,00,80, + OG 0uOB Or) ADs 
+ S,(60,80,7 0,00, + O,40;7 0280.9) AsCy 
+S, (40,7 080,60, + 0,80:BO.7Ou)BDs 
— S,, (40,607 0.80, + 0.20.7 0,604) BC, 
+ S,(70,80,00.80,+ 0,80.40,80,7) ABs ea ee" 

P= —ixlS, (a0,8O,080,— 0,080,080 2) Ax ES By — REO RST 4 Beal eg!" Aa) 
— §.(40,80;70;0,— 0,07 OB O,0) (200 Ag— Ben C, — ha eB) 
— S,(O,BO;70,80,—O,80.7 Ox8O,) ER h3" Co — AE Ds — beg” s) 
4+ S,(uO0,0:70,80,— Ob Oxy O02) (Ba 8 Cp — RN Dig beet 8" Aa) | 


I,=(S, (40,802,030, + 0,0.,0,80,4) (— Bel Shes AF LAB) 
2” 


+ S,(0,80,0,60,+ 0,00,0.80,) (— A" kB" + Laps 
iia 


— 5, (0,8 0:7 0,0,-+ 0,0: OB 0,) (A48" + BC) 
2- 


1 


fe th 
2- 


— §,(40,0,0,80, + 0,80,0,0 2) (hark +—AaDa) 


£5, (40,0xf 00,4 O,0ap 0,0 2) (— AY" + 5G) 
Gee 


+ S,(O,0,7 0,80, + O60,70,0;) (— Aa" + O0;) | 
Nhe 


P,=i#[S,(0,40,0,0,— 0,0,0,40,) Bo — Sy(40,0,004— 040;0:014) As 
— §,(0,0,0,40,— O00 0,0;)Dat Sp(O,040.0,— O,0.40,0,) Ca) 
[P,=#S,(0,0,0;0,+ 0,0,0.0,) 


where 4, 8, 7, 0 appeared in spur stand for yasJ's» Tr: 7s respectively. To calculate 


these, we will use the following formulae : 


9 


ex Apne ape" Cerky : fara e ZL porns pos a est aes 
fexp Get) (ait) =, [ara exp Galt) (di) = — 55) Som 


[aera eee” exp (take) (dk””’) 


627" © ON Ot Le 'N 7 NS ey a ye ee BS 
= —— (0430750 ay + Ou, On60as + 045979 a3 + 045979 ya) (43) 


~ 46a |a| 
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a % 8 zy" , ic = 

oak = as SA wa)dw = ——, 

-——_ exp (twa) dw =—, j exp (ia) dz =s 

‘i |zv a | ze| e 

where O3,=1 when v+-8 and =0 when «=f. 

These calculations are very complicated, so that we perform the computation 
after the expansion with regard to the order x,/x° is done. 


§ 11. Selection Rule and Possible Type of the Processes. 


; a 4 = 
Investigating the spur more precisely analogous to the case 7*—>2=+7" and 


separating [7's into two groups '], [#] (notations are the same as in part II), 
then the selection rules become quite analogous to the case treated in pert Il; 
that is, 


[x] S,(O,0,0;0, + 0,0,0,0,) V.U,V.4%,=0 forbidden 
=-0 allowed (44) 
[x'] S,(40,0,0,0,+ 0,0,0,0,2) v9 (U,V.W,)=0 forbidden 


; =--0 = allowed 
_Of course, the same cautions as in part Il are required when the form S,(77s7s) 
appears. If we wish to express this rule in another language, then it becomes 
as follows ; 


[x"] n=odd forbidden 

u=even allowed (45) 
[x'] n=cven Sorbiddcn 

u=odd allowed 


m is the number of 7,72, fay: and 7.ja7%s appeared in O,, O,, O; and O,. As was 
mentioned in § 10, the possible types of + and = mesons are 1) both + and z 
are pseudoscalar and 2) ¢ is pseudoscalar and 2 is scalar. Applying the rule to 
these two cases, we find that the all combinations of the former are allowable 
and those of the latter vanish. Therefore we have to calculate only the latter 
case where < and 7 are of pseudoscalar. 


§ 12. Life Time. 


As [x"] contains logarithmically divergent term, we must drop off it and 
conditionally convergent term by using regulator j (x) log |x|dx=0, § o(x)ax=0 
and {xo(x)dx=0. Therefore, as for [x"] 3 
to the order of x? /x°, 
for [+]. 


, we have to calculate the terms proportional 
On the other hand, it is unnecessary to use regulators 
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1) G,g? [*] 
For the sake of comparison, life times are calculated for scalar and pseudo- 
scalar. The third formula of (43) becomes 


aeragnae ay exp (iak™"”) (dk"") <2 e COu0 x ae Oa,On5 Ete Das ry) ’ 
4a*\a| 

After applying the regulators, 7, becomes as following 

=O {eS Ur 1 


2, 12 2 
Ef aap ee ee a WV-21) 2} 
(22) Ftot lodorme? 15 ae 15 ( iv ) x 


1— 


ee | 1 1 2 
— [Natu (tof de (2C.De-2ADa— AaCa— Bea 2Bih 4 2AB) 


uw 


0 =—1 <-1 
ae 2 1 x iLL x. ) 
[a a ice 2M + N—2L)—- 
ac 1O\I2 x, ho. x “ 5‘ as ) 5 i (scalar) 
16( line 1 x ‘i ) 
$f" Xs + M+ NOL S| oh 
101972. = 12 # iy | se ) 2 (pseudoscalar) 


3 Gp ti aol de AB + BeDg—BeCu— AaDut AsCe+CeDa) (scalar) 
1 


| ora ul aol a o L (- AB. + BeCot BaDet AaDot Ale CDs) 
i ef (pseudoscalar) 


9 2 2 

se ijeae ES ELTON TREN ESI | 

LOSI 1225 6 ee 

where the first and the second term come from /%, the third and the fourth term 
from /’, and the fifth term from /%. And we use the following, replacement 
together with (41) assuming that initial z-meson is at rest and each 7 mesons 


have equal masses, that eas 


Aiea L tA) tht, VEER = Le 


ay = LGA) Me, VE EEL = Mi 


* Law of conservation of energy and momentum can be written in the form 
Lida), L+M+N=1. 
In the Boag Sods of Mand JX, that lower limits can be determined from the values obtainec 
by putting ad. That is, the lower limit of 7 i ae a. On the oes hand, the upper 


limit can be decided as the value when 4.=4, and d, is antiparallel to p 2ko=h,. When I 
is given, the upper and lower limits of Ware given by (1—47+4)/2, A— —M— A) |2 respectively, 


where 4= Se (1 —3a* —2M) | Therefore, the upper limit ‘of M becomes (1—3a?) /2. 


1+a?—-2M 
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Mg (Gi—-i)+ Nm, ~ Vestn Mee 


4 


After performing elementary calculation, we get 


oe OVI foe 18 Xe +3 x (12M+6N) os } scalar 
: 15 (27)? a i a 
pL Xe 41% 4 (44 +58.) =| pseudoscalar 
sary lz Z a 


As it is proved that 17,, 1, and H, have the same contributions, total Hamiltonian 


density becomes 


CE” vuvw (#2) {= 180 3—(12M4+6N)} scalar 
~ 407° (&c)° x 


—__ ©" __yuyw (2) '792—41+4 (447 +58N)} pseudoscalar 
40n° (fc)? > 


where daha eae 


Therefore, the required life time are obtained as follows ; 


ae (22) Tae ("dW | 182 +3— (12M46N) {2 scal 
is sagan I. ; i; 7 aia 8a’ +3— (12+ 6) § scalar 


ay 


me Gey s ) ie ae a or wy santo 
~ 4007 eae {4 : \ av (9u°—41+4 (44.7458) }° pseudoscalar 


Substituting the values 
g/tc=107, G/ktc=10, M.=1000 m,, 1,=300 m, 
we obtain 
T.=3 0.9 S10" see. for scalar 
T=1.5x 10-™ sec. for pseudoscalar 
2) ae [xe 
It is unnecessary to use the regulator in this case. AY becomes 


Gee? 
~ 8x"(hc)' 


“(M+ 3N—1) YUVW 
and 


# (Gog 32x “! x 2) (1—Sa2)/9 0(1—_M 4+.A)/2 
cyt AGB) "Hee Xe dm | IN (2M+3N—1)! 
i 144a°(hc)' \ x J. yeas wa Me 


tT =1.8x 107" sec. 


3) G18," [x"] 
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Laer ss %(% vor ar 10 : : 
Ba (acy x \ x, 4 +10MNV+4N?2— (8+ 190°) M 


-(2 +a)\V 45+ Dobie =e | 
2 ay act 


= 9(G Ge) EL ilak ) x ) (1—8a2) /2¢(1— 9 + A) /2 
rad a 152 c t eh é . ‘ . . 
f 1447° (hc)* ( x ( pee [aa \ a, [r+ lOMN+ 4° — (8+ 190°) 


-(2 +a) +54 wie mk 
2 3 4. 


rp bad Oise 
In this case, life time does not become longer than in scalar case, because 
he term proportional to [x'] vanishes. 
4) Gg, [*] 
According to the difficulties of calculation, we have used the relation 


D7anNGe 
H,,=— = 


x 1 


H,,+ third order term. 


Calculating the second term of right hand side, we find that it is about 160 - 
times smaller than the first term and the life time of Gag; are able to decide by 
only the first term. If we put G,=G,, then, as (2x/x,)’=15, we get 
t1=7.0 x 10-* sec. 
If we adopt the values of constants 
M.=900 m,, M,,=286 m., 

life times become longer about the order of one or two than mentioned above. 
In this cases 3) and 4) are too short to be considered as reasonable values and 
can not explain Powell’s experiment. Therefore, types of interaction seem to be 


pseudoscalar. 
§ 13. Conclusions. 


We see in I to III there are few cases in which a t meson is possible to 
disintegrate into three 7 mesons with the suitable life time by dropping off 
diverging and non-gauge covariant terms by regulator method, although regulator 
method has the temporary meaning to remedy the inevitable ambiguity of the 
quantum field theory. Heavier meson observed by Rochester and Butler is not 
considered to be t meson, because if this decay modes ctoont 42° or ttn +7 
were correct, then we can hardly obtain any appropriate set with the life 
time of two particle decay as long as three particle decay, unless any new 
condition to lower tie decay probability be added. And although for the pro- 
cesses considered the pe. turbation method. was used, the other phenomena, 1.6: 
two 7 decay of a neutretto, the angular distribution of produced 7 meson by 


y-rays in Berkeley experiments" are also suitably explained by the results obtained 
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from perturbational treatment. Recent experiment observed by Panofsky” and 
Steinberger™ shows the two 7 decay of a neutretto, which proves be be the 
pseudoscalar property of neutral z meson.” Furthermore, the angular distribution 
of produced charged = meson by 7 rays is explained only by the model of 
pseudoscalar 7 meson. Therefore it may be concluded that these phenomen§ 
give the direct evidences for pseudoscalar meson with the process of t-+3z, besides 
the indirect evidence, namely, the nuclear force favourable to pseudoscalar type. 
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Theory of Color Centers in Ionic Crystals. Il. 
—The Temperature dependence of F-bands in Alkali Halides.— 
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The temperature dependence of F-absorption bands has been theoretically studied. It has 
been concluded that the main cause of the shift of the absorption peak is the thermal expansion 
of the lattice. As to the half-breadth of the band we calculated its temperature dependence by 
using the Einstein’s model of lattice vibration. Quantitative results are in good agreement with 
Moilwo’s experiments in the wide range of temperature for various kinds of alkali-halides. 


§1. Introduction : 


In Part I of this paper, the authors discussed the electronic energy levels of 
a trapped electron at the F-center in alkalihalide crystals. The gap between the 
ground level and the excited one corresponds to the peak wave length of the so 
called F-absorption band. Here we conside.: its shape and temperature dependence 
theoretically. : 
In 1933, Mollwo” reported the observed 
data of absorption bands for some alkali- 
halide crystals over a wide range of tem- 
perature. His result for the case of KBr 
crystal is reproduced in Fig--1. ; We, can 
see in this diagram the following three dis- 
tinct characteristics. The first characteristic 
is that the peak of the band shifts to the 
longer side of the wave length with the 
increasing temperature. The second is that 
the absoption curve has a nearly symmetrical 
bell-shape, and the third characteristic is 
that the band has a considerably wide half- 
width which broadens as the temperature 
increases. This wide width of the observed 
spectrum suggests the existence of a strong 


2.6 29 18 1A pe. 


Fig. 1. Absorption band of KBr (Observed 
by Mollwo). The diagram is the reduced 
one from the direct observation in order 

coupling between the trapped election and to normalize the area of the curve. 

the lattice vibration, so that we may find 

the key to solve our problem by analyzing the mechanism of this interaction. 

Considering the energy surface in configuration space, Mott-Gurney” and Kubo” 

already treated this problem from the phenomenological standpoint. Recently, 
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“Muto” reported some discussions from the atomistic view, in which he assum 
the Mott-Froehlich’s type of interaction between an electron and a lattice. The 
aim of this report is to obtain some quantitative results about the temperature 
, dependence of absorption bands from the same standpoint as chosen in Part I 
where we replaced the crystal by a model of an equivalent large molecule. 

To mention our basiz idea briefly: In the first place we shall employ an 
adiabatic approximation becatse an electronic mass is very small compared with 
an ionic mass. Then the energy states of the electron are determined by solving 
the Schroedinger equation of the electronic system involving coordinates of ions} 
as parameters. The deformation of the lattice causes the variation of the energy) 
gap. For instance, we may take displacements of ions as parameters which! 
describe this defo mation. In spite of the transition of a trapped electron we can) 
conclude in the first approximation from Frank-Condon’s principle that the lattice! 
does not make a change of its vibrational state during the absorption process of! 
ligkt. According to this principle, absorption takes place where the wave length, 
of light coincides with the energy gap determined as a function of displacement. 
of ions. Thus, to a definite wave length of absorption there corresponds a certain. 
displacement of ions. We assume that the intensity of absorption is proportional | 
to the probability that the displacement takes such a definite value. This pro- 
bability must be a statistical average taken over several states of vibrations. 
Concerning the shift of the peak with the temperature, we may regard that it is 
due to the thermal expansion of the lattice, In view of our standpoint, both the 
expansion and vibration of the lattice induce a small variation of electronic 
Hamiltonian, so that we may treat these effects as perturbation. 


Fig. 2. The schematic representation of the lattice vibration. 


Now we propose a simple model of the lattice vibration. Following the idea 
of the equivalent large molecule, we first consider the vibration of ahi the six 
nearest neighbours, fi.e. six positive ions. Owing to a vacancy at the origin, the 
potential energy of the neighbouring ions may be emallest along se nil 
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direction. Therefore we can assume that the ionic oscillation is allowed only in 
this direction. The frequency of the vibration is mainly determined by the 
curvature of this potential curve. If we consider a weak coupling between the 
two opposite ions, we find two modes of vibrations, one mode is symmetrical and 
the other is antisymmetrical. As to the folarization effect, the latter has no 
contribttion so that we may take into account only the former. By assuming 
this simple model, we can replace the lattice vibration by a linear harmonic 
oscillation. Fig. 2 shows these consideration schematically. Since our model is 
very simple it seems difficult to expect highly accurate results from our theory. 
In the following sections we intend to formulate this basic idea and we shall 
make a rough estimation of this problem. 


§ 2. Perturbation energy. 


Using the model of the rigid lattice, we have obtained in Pait I a value of 
the energy gap which is in good agreement with the observation data. This 


suggests that the potential (r) may be described fairly well by the superposi- 
tion of potentials due to point charges. In this picture, the energy of the trapped 
electron is determined by one parameter d, i.e. the inter-ionic distance. There 
are two possible causes which induce the variation of d. The one is thermal 
expansion and the other is the difference among composing ions. In this simplifica- 
tion there is no essential difference between these two cases. Taking the varia- 
tion dd of d, the corresponding variation of energy gap 6F is given by (2.1). 


(3F/F),=0(6d/d), (2.1) 
e 3 
a= (d/F) ~F(d). (2.2) 


If any precise result about electronic energy levels has been obtained by the 
method used in Part I, the accurate value of o may be calculated by using (2.2). 
As we have already mentioned in Part I, Mollwo” has proposed the experimental 
formula 

F=Kda- 


which gives fairly good agreement with the data of various alkali halide crystals. 
So any calculated value of @ in good approximation is expected to lie near —2. 
The negative sign means that the absorption band displaces to the longer side of 
the wave length, with the increasing temperature. 

Next we consider the perturbation induced by the displacement of the six 
nearest neighbours. Let the potential function V(r) of our electron system be 


expressed by the following expanded form’ 
6 


VO) HSIVG—R) HBV Ra) + DOR» gradiVir—Ro) 2-3) 
all all ‘= 
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FP | 
where Ru denotes the normal position of 7-th ion, and dR, denotes its displace- 
ment. In virtue of our model stated in the introduction of this paper, the 


perturbed potential 6V is represented as follows: 


i= af 2, V(r —Ro) [PR (2.4) 


where dR means the radial displacement of a nearest neighbour. Using an 
ordinary perturbation method, the following expression for the variation of the 


gap is obtained : 


(OF/F )su=o'(8R/d) (2.5) 
where 
a2 MQ 
a =(d/F) § (0V/6R) (8% .—¥ oF »)a- (2.6) 


of Part I. But here we content ourselves with a rough estimate of its value and 
avoid to proceed in a direct way. 

In the case of lattice expansion, we can take the perturbed Hamiltonian 64, 
as follows: 


Like the case of 4, we may calculate the accurate value of o’ using the results 


0H, = >1ed, - sgradl/(r—Ry) (2.7) 


eff 


A 
where éd; means displacement vector of i-th ion which corresponds to the lattice 
expansion, and that ¢; is an effective charge explained in §2 of Part I. Concern- 
ing the six nearest neighbours, we can further put the next relation: 


Ni peed fa /(°=Ru) |= da] 7 —Hr—Re) | <6 (2.8) 
AR, pu 
Then if we replace the field of the effective large molecule in (2.7) with that of 
the six neighbours, we may approximate (2.7) as its rough estimate : 

Rig Sed gradz. Vilr— Ry) = 62, (OV /60R )dd (2.9) 


by introducing the new factor s,’.. From (2.1) (2.2) (2.6) (2.9) we can get 
the relation between @ and o’. 


: A, z (2) (2) ' 
a= (d/F) § (0H,/dd) (Vy —P,)de 


®) @) () (1) 


=(d/F)z,' § (OV/0R) (FF .— PP )de=o'd'. (2.10) 


It 3 difficult to determine the value of s;', so we rather employ the proper value 
of o comparing with the experimental data as shown in § 4, 
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§ 3. Lattice vibration and the shape of the absorption band. 


In the introduction of the paper, we explained our simple model of lattice 
vibration. The Schroedinger equation ot the equivalent oscillator is given by 


(d?°O/dr?) + (e—u'n?) @=0 (3.1) 
with 
n=(6R/d), a=40M*vd*h" (3.2) 


where 7 means the displacement of a neighbour ion and @ is a parameter des- 
cribing the property of the crystal, in which M* is the mass of the positive ion, 
and v is the vibration frequency and d is the inter-ionic distance. The solution 
of (3.1) is obtained as follows: 


e=(2/+1)a 1=0, 1, Qee-s 
@,(§) = (u/m) (1/24 !)e-P PAE) (3.3) 
HA é) =(—)‘e* 


a’ (é?) se fe 
ie )s = aN. 


According to our fundamental assumption, variable € in (3.3) is proportional to 
the gap variation 0F//, so that it corresponds to the abscissa of the absorption 


curve. 
Thus, /(¢, 0), the intensity of absorption, is represented by the formula 
1(E, Ome Nef S13 (Eyer Pe/ Shek ® (3.4) 
[=0 7=0 
where 
6=fw/kT. 


WN is the conceatration of F-centers and hence it is independent of the temperature 
if the vacancies are frozen in crystal. jf means the transition probability of the 
trapped electron, so that in the first approximation we may calculate its value 
from the results of an unperturbed system : 
@) (i) 
f=fr=J oF oF fe. (3.9) 

The main part of (3.4) consists of the probability #/(€), and the temperature 
dependence appears in the form of a statistical average over various excited states 
of lattice vibrations. A plot of (3.4) has a symmetrical bell-shape, and its peak 
corresponds to the value €=0. In absolute 0°A, @ tends to o and the form of 
(3.4) is the same one as the Gaussian distribution function, so its half-width is 
2Vin2. Half-width 2 <é> at any temperature is determined by solving the next 


equation (3.6) numerically, 


S1,(O)e7 P= BN OH <é>)e the (3.6) 
i=v i=v 
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The curve in Fig. 4 shows the relation of <> to the temperature parameter 
@-". We can also introduce the relation between the peak intensity and @ as 


follows, 
1(0, 0) /1(0, 0) =(1—e~*) pH 0; (0)e-” (3.7) 


where /(0,co) means the peak intensity at absolute O°A. Fig. 9 shows the 
plot of (3.7). 

In these simple treatmeats, material characteristics appear in all quantities 
only through the parameters u, 6, etc. This is the reason why we reach to 
equations of reduced form like (3.4) (3.6) (3.7). 


§ 4. Comparison with experiments. 


First we estimate the shift of the peak wave length caused by the thermal 
expansion of the lattice. Using the data of thermal expansion coefficients for 
dd/d from the expression of form 


(da/d,) =at+ bt? + ct* (4.1) 


where ¢ is temperature in °C, and for d we take the value at O°C. Coefficients 
a, 6, ¢, are snown in Table 1, with @ for NaCl at a very low temperature 


Cale. 
Cale. Tt Gk 
zm: Gk.T 
tee re) 5 
500 Calc Calc. I 
0 ) 
° (e) 
NaC] KC) KBr 
0 Amax in # 
ae /' 500 / 600 7 
| /l vl 
I | // 
| / al 
(a | / / 


/ i 
rom 
273 J d | fi 


Fig. 38. The temperature cffect of the peak wave length. 
Cale. I. Calculated values for e=2 
Cale. TI. Calculated values for g=l1 
Tix dotted lines are results of extrapolations. 


~~: wom 
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Because of a vacancy at the origin, we my expect a somewhit larger displace- 
ment than expected from (4.1). Specially if we introdece a factor g determined 
by the formula dR=géd/ in the case of thermal expansion, we get from (2.1) 
and (2.5) the following formula relating to the shift of the peak. 
(OF /F )=a|1+4 (0'/a)(e—1)](d/d). (4.2) 

Table 2 and Fig. 3 show the results of calculations compaied with the observed 
data. Calc. I corresponds to the case of ¢ =2 and Calc. II is for g=1, where 
we assume o=—2, o/=—2. We adjust the calculated value to the obseived one 
at 20°C and estimate the relative shift from this temperature. For NaCl we adjust 
also the values at —253°C for the sake of using the coefficient a’ at a low 
temperature. From these results it seems reasonable to regard the cause of the 
shift as mainly due to the thermal expansion of the lattice. 

For the estimation of <&> we need the value of frequency » Concerning 
the value », for peifect crystals, Mott-Gurney® proposed the following formula. 


NaCl KCl KBr 
eG 20~747 20~712 20~681 
ax 106 40.31 31.92 37.99 
bx 109 3.71 33.21 12.63 
cx 1012 63.46 19.17 52.56 
°G —253~ —193 
a’ x 108 10.8 


Table 1. The linear expansion coefficients of perfect crystals. 


Temperature effect of peak wave length. 


Avaax in 723 
t 953 =—186 — 79 = 20 +600 +700 
Obs. Amax 454 455 459 466 525 540, 


wach. Giolttwhaee U4R4y 6 45b. | 497. (468) BR? 
Calc. Il Amax (454) «455 461 (466) «= B02, O44 
t 94, —186 + 20 +200 +4400 +8600 


Obs. Amax 540 548 563 584. «605. 630 


KZ Calc. I Amax 542 546 = (563) 579 605 641 


Calc. II Amax 553 554 = (563) 571 584 602 
t —245 —186 + 20 +200 +400 
Obs. Amax 602 609 630 652 680 


KBr Calc. I Amax 602 608 (630) 649 680 


Cale. I Amax 616 619 (630) 640 655 


ak wave length. 7 is the temperature Ty tas 


Table 2. The temperature effect of the pe 
Calculated values for g=1. . 


as 


Calc. I. Calculated values for g=2. Calc. II. 
The values in parentheses are adjusted ones 
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A+ x 6.02 x 10g. 
ad X108 cm. 
p «108 cm. 


vn X10-12 sec~1. 


v da 
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NaCl KCl KBa KJ 

23.0 39.1 39.1 39.1 
28 3:14) 3200! \353 
0.326 0316 0.326 0.351 
7.29 519 489 439 

36.2 444 442 459 


Table 3. Vibration frequency and others. 


v= (1/27) (2ay/3)'?(d/p—2)"? (e/M* d*)*? 


where «a is Madelung constant, and p is the parameter concerning the repulsive 


potential of ions determined from the data of compressibility. 


RbCl 

85.5 
3.27 
0.356 
3.14 


52.3 


(4.3) 


Replacing » by ¥ 


in (3.2), we can estimate the value of w,. These values are tabulated in Table 3. 


Owing to a vacancy at the 
origin, the frequency » may 
be somewhat smaller than 
v, and we introduce a factor 
s for describing this effect: 


Fe GN, aan 


(4.4) 
In Table 4 Mollwo’s  ob- 
served data of half-width 
<0F> /F,, are shown over 
a wide range of temperature. 
By reducing the temperature 
to @ and <OF > /Fiasx ‘tO 
<€> the observed values 
are expected to be on the 
one curve determined from 


(3.6), 


Reducing formulas 


are as 
follows : 
9=hw/kT=5(hy,/kT) 
(4.5) 


2<f> =V 5a, lo’ |" 
(<dFs> {loan (4.5) 
The chosen value for s is 
tabulated in Table 5. The 
results are in good agree- 
ment with experiments over 


Fig. 4. The relation between the half- 


width and temperature, 
The curve is the theoretical result obtained from (3.6). 
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a wide range of temperature for various kinds of crystals as shown in Table 4, 


and Fig. 4, where we used the same numerical value for o’ as the case of 
thermal expansion (4.2). 


Z —93 =186°°='79 + 20 +8600 
<6F>/Fmax 0.124 0.196 0.151 0178 = 0.871 
NaCl q-1 0.086 0.374 0.831 1.256 3.740 
Ons. < ec > 0.92 0.93 1.12 1.32 2.74 
Cale. <&> 0.85 0.91 Tie 1.82 (2.59) 
t — 245 — 186 + 20 + 200 +400 +600 
<d8F>/Fmax 0.084 0.104 0.163 0.221 0.281 0.855 
KCl @-} 0.157 0489 1646 2.657 3.780 4.903 
Obs. <é> 0.79 0.98 1.53 2.08 2.64 3188 
Cale. <E> 0.86 0.96 1.53 2.04 (2.60) (3.16) 
tf —160 + 20 + 200 +400 
<8F>|Fmax 0.109 0.162 0.215 (0.268 
RbCl g-1 0.900 2.333 3.767 5.347 
Obs. <é> 1,30 1.93 2.57 3.20 
Cale. <E> 1.15 1.86 (2.59) (3.39) 


Table 4. Half-width of band. 
? is the temperature in °C. 
The values in parentheses are extrapolated values. 


NaCl 1/14 (3.6) 
KCl TAs (3.6) 
RbCl iy fi b's (3.6) 1 Vane (9)/Truns (©) 
KBr 1/14 (3.7) 


Table 5. Proper values for s. 


The value of s is also obtainable 
from (3.7) which is independent of 
the value of o’. Following this 
method we estimate s=1/1.4 for 
KBr fiom the data shown in Fig. 1. 
These orders of magnitude for s 
are reasonable and are of the same 
order as expected from the analysis 


of electrolytic conductivity of these 


6-* 
i 7 2 : 1 5 
crystals studied by Mott-Gurney.” i d j 4 
‘ fi] eee | - Pend ee ee 
In conclusion we can say that ict ars 
the agreement with experiments is Fig. 5. The temperature dependence of peak intensity. 
A The curve is the theoretical result calculated 


pretty good for calculated values in from (3.7). 


The plotted points are reduced values from the 
avoid its descriptive nature of theory data for KBr shown in Fig. 1, 


spite of its rough treatment. To 
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we must deduce the value of factor g and s from the atomic point of view, but 
it is somewhat difficult because of the complex nature of polarization around the 
vacancy. Therefore we will postpone this problem till another time. 


Summary. 


Now we summarize our results. 

1) The cause of the shift in the peak wave length with the temperature is_ 
mainly the result of the thermal expansion of the lattice. We can estimate 
the order of the magnitude of these effects and the results are shown in Fig. 
3 and are in agreement with the experiments. 

2) Using the approximation of the adiabatic potential we conclude that the 
width of the band corresponds to the variation of the energy gap in electronic 
levels caused by the vibration of the lattice. The intensity of absorption is 
proportional to the probability that the displacement of ions takes a value of 
corresponding wave length. This probability is the statistical average over 
several states of the vibration and the temperature effect of the band width 
is mainly determined by this mechanism. Assuming a simple model of the 
lattice vibration we can estimate the half-width of bands as a function of 
the temperature. Calculated values are in good agreement with the observed 
data over a wide range of temperature for various kinds of crystals. These 
results are shown in Fig. 4 and Fig. 5. 


The authors are very grateful to Professor Kotani and Assistant Professor 
Kubo for their valuable discussions and thanks are due to Miss Mikoshiba for her- 
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§ 1. Introduction. 


We know in the covariant formalism that the Hamiltonian density 7 depends 
on the normal of the space-like surface in many cases. It is because of the fact 
that the commutator of the Hamiltonians between two space-like points contains 
the 2nd order derivatives of the D-function, and the reason of the occurrence of 
such functions comes from that AH contains the derivatives of the wave function 
of some field (meson field). 

In this paper, we will see that it is possible to eliminate the normal de- 
pendent part from A by modifying Dyson’s P-bracket.™ 


§ 2. The Normal-dependent Part of the Hamiltonian. 


In the canonical formalism, we readily see the following propositions : 

(1) The only field the derivatives of whose wave function is contained in 
the interaction Lagrangian density Z is the meson field. 

(II) In the above case, the derivatives are contained in Z in the Ist order 


and linearly. 
Then we can determine H from Z readily. H is decomposed into normal- 


independent and _ -dependent parts ; 
H(t) =H, (2) +Hn(2), (2.1) 
H,(4)=—L(2), An(4)=Ku (MM, (2.2) 


where WV is the unit normal of the surface o at the point +, and X,, is a tensor 


to be determined. 
Now consider the integrability condition : 


[2 TEAS eae Z : 84 F(x) |=. (2.3) 


i 60(%) Z 0a(x") 
then so long as the propositions (I) and (IL) hold, we can assume that 
[W@), We )I= 1), 1), 
(4,(2), Ha (a')]=[An (2), Ar(2)]=[An(), An") ]=9. (2.4) 
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So the condition (2.3) reduces to the form 
A (Sa) — WD ) + (iia), Hi(a’)] -0- (2.5) 
6a (4%) da (x') 
By the propositions (1) and (II), 4 is given by 
x oa ag* ke _3¢° (2.6) 
Hy=K+K, Kean re 
where K, K,*, K, and fe i. not contain the derivative of the meson field wave 
functions and ¢, ¢* and ¢° refer to the charged (pseudo-)scalar and neutral (pseudo-) 
scalar meson fields respectively 
Then the commutator of 4,(7) and Aj,(2) is given by 
=a nl a 


* 9x! 


LAi(x), Ha") = Ket Ks[ 2S, 
+ KK |e S | 


ox) 


=A KEKE 4K BA(x—2') |B pop BM (x—2’) 


OxyOx, z 02,02, 
= OE Fe 9 AH | Nata Sate He I SEK ee 
PA ag 04,024, 2 ¢ OX ,02, 
— (exchange terms of z and 2’), (27) 


where we employed Heaviside unit for the meson field, and put c=1, and 4, # 


the D-functions of the charged and the neutral mesons respectively. Combining 
(2.5) and (2.7), we get 


0Hj;(x) a > a4 (a4— > ”) ro PM (+ x’) 
—_ =F (ASK, Ah el K,.KY ————-. 2.8 
0a (x’) ( ) OXy,dr, “ 02,02, @8) 


Integrating (2.8), we obt n 


Hy = (KEK A KK + KEK NN (2.9) 
From (2.6), A’s are determined as 
K*= OH, ‘ _ OFT, Ky= _ OH, — 


meat t ae = , = —_ (2.10) 
ag 
a at "A *) a( ‘) 
So consequently, the total Hamiltonian / is given by 
Hail, +. 2/9 OH, | air) 4 Off, ef OH, 0H, \é r, 
ad* ag* a( 28 eee 
(se nese. (2s) (se #). Ase ) (2.11) 


If moreover, there exists (pseudo- 


)vector meson field, we must add th. following 
terms in the bracket of (2.28 jes 
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aH, ane we 

a A* 
a( 242) NG +) “a S )a ) LOWE (28) a( am 
or ee ar aH, ar, 


(2.11') 


a * 
“(CST Line (28) a8) (22) (22 
Ory ax, Ox. Ory fea Ox, 
We_-used Stueckelberg’s form for the vector meson field in (2.11’). While A, is 


the negative of Z, so the formula (2.11) enables us to calculate AH from Z auto 
matically. 


§ 3. Modification of Dyson’s P-Bracket. 


Let us consider Tomonaga-Schwinger equation : 


: ae eet ()} le, %0)=9, (3.1) 


with the initial condition U[e,o,]=1. 
Then, as is well known, the solution of the equation (3. 1) is given by 


opera SY) [ae “diy (°tv,PUT a), H(2)» ., H(4,)) (3-2) 


n=0 721. 


We construct a family of space-like surfaces from o, to o, and we write 
a, >, to express that a, lies in the future of 9. 
The P-bracket in the integrand of (3.2) is defined by 


P(A(2;) H (x2) +H (4n)) = A (4) A (4a) 1 %,) 


for 0) a(%;,) > a(4ip) 2 aha ted >o(%,), 
where %;,, %):'* are the permutation of 7, 7%,,-* 
But how shall we define it, if some of the surfaces o(%,), o(4,),*** coincide 


with each other? For instance, 
i) a(4%4,) =9 (4%) > a(4,) > ay >a(%,,), 
ii) o(4,) =4(4_) =9(4n) > > OG), 


In the ordinary theory, it was not necessary to define P for these cases. 
Because P(H(x,)H (4): (4n)) is the integrand of 47- dimensional integral, 
while the domain of the case i) is (4v—1)-dimensional, and (4”—2)- -dimensional 


for ii), and so on, i.e., the measure of the domains of i), ii),--- is zero, so that 
these cases do not contribute to the integral. 
In this paper, we will admit such a discussion for the cases ii), iii),---,'but 


will consider more deeply about the case i), then P is decomposed into 
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P(H(x,) 1 (4n)) = P(A (40) H(%a)) PCA 4.) 1 %,))- 
Our probrem is to define /(H(4,)1(%,)), while generally the following formula 


is valid: 


PH (2) HW) = 1H), HO) +52, 2 LA), HO), 83) 


1, for. .o( 2) > ats}. 
—1, for of(2’) >a(2). 


where 


e(@, 23 


The case when e(x,2’) troubles us is ¢(1)=o(2’), because in this case e is not 

defined. If [H(+), H(#’)]=0, the indefiniteness of (7,2) does not trouble us, — 

but if [7(x), H(2’)]40, then it will be of the following form as discussed in §2: 
"A(a—2z’ 

Are 7’) (3.4) 


Ox,O2, 


[7 (x), H (2")J=24K,, (4524) 


Consequently P(A(+) A(2’)) is written as 
34 (x—2') 
Ox,0x, 


PUT (2) H(#)) = HA) H(2)} +e(2,2') * Kyla, 2!) 


Here, in order to avoid the indefiniteness of P, we define the modified P-bracket 
P* fasviollaws: 
FA(x—2') 


; 3.6 
02,02, (3.6) 


PY H(a)H(a!)) = 14) He) } 4 * Ks (2 21) 


then 4(4—2') =e(x, x’) 4(x—2’) does not depend on the family, and P* coincides 
with P for a(4) #a(2’). 

The general definition of P* is: 

case 0) L™* (HT (2,) 1 (42) + H(a,)) =P(A(a,) Aa) HOa))- 

case i) P* (a4) H (as) Ha) =P* (H(%,) Ha) PU) (a)). 


For the. cases ii), iii),---, P* is left undefined, because as mentioned before, they 
do not contribute to the integral. 


Using the new P*-brackct, let us consider the to lowing operator 


. o | fungi \h (2 o ° 
U*[o, o)= >} ) fax, [Pax | dx,,.P* (FH, (x,) 1; (4) +++, (4)) (3.7) 


n=0 4 | 
=D0,[¢, a]. (3.8) 


Now suppose that the surface o is deformed by an infinitesimal volume dw at a 
point +, and becomes o’, then 


ce 


DACAAR =()=( = ) Per, [ae, i [areP*(Hi(x,) ++ Hy(ta)) 
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7) al = n pol o! to) a 
(alg) joan Pate, [alae | daeP YH) Hi) 


+ 
+ seecee 


f the integral {% is defined for the domain [o,,¢.), then [a,0) and [o, a’) have 
nO common point, so 


E-( thin | va(2)dz)| — : (aoe [ax [ax ("a P*(H,(2,) -- 7, 
\ h ih iat eer kh J Go ; i do a ( ¥2 + an)) | 


v Go 


+[ (=!) [en Pan Prana) a) | 


2\ k 


. [ ota (Gy Ve - (iee.P* Ei) Hi) | 


=(Si [career stood [5 (GE) [de [are ed ed) | 


x U2 1; o°| ota 


In the limit “v0, 


LL ieg eran ; 
J ——— lak d. = — 
Ea we lee ae al 
ea ee ae ee es pelnndinyy 
lim Paes 3 ) j "de, [te.P (HC) H; (x)) |=- = 4@), (3.9) 


other terms vanish by the reason mentioned before, and therefore we get 


ih Ufo, 0] —Hi(2)U nfo, 7) + W(x) Un 20): (3.10) 


0 
da (x) 
Now our task is to evaluate H(z), and in order that H() does not vanish, it 
is necessary that P* (A(x) A (4’)) contains 4-dimensional d-function. 

H(«) is given by 
H(x) ee) ines \ ‘ dx \de' P* (H,(x) H,(#’)) (3.11) 
2 h dw>0 Aw Jo G 
while P* is 


P* (Hiya) Ha’) = 5 Hi @) HC) | + * Kot 2) Sone (3.12) 


where Ky, (4, #) =Kus(*)- 
The evaluation of { } is performed readily. 


fine S "dx | de (DH) I= lim = it de H,(2) | =0. 


dw>0 dw o iw >0 dw o 
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The evaluation of the rest term is given by 


ae= 1 : 1 ad ea to oy A(x —2') 
a ae 2 ie! dw I, oe jie sea date 04,04, 
or Ce 
afl Swe ae ees (3.1 ) 
2, dw>0 Ja OX ,Or, 


If we choose a Lorentz system whose time axis coincides with the normal of @ 
at x, then for a space-like point 2’ 
FAR *) 298 ( 4,4) 8(4y— 21) 8 (45-21) 8 (4) — 27). (3.14) 
Ox 5047 pees 
Inserting (3.14) into (3.13, one obtains easily 
A(4) =Kai (2,2) =K, (4, 2) N,N, = Kn (ON, 
=H,(2). (3.15) 
Again inserting this result into (3.10), and summing up (3.10) with respect to 
n, we-get).” 
h oO - 
——— + A(z)}U*[o, o,j=0. (3.16) 
i da(x) 


Clearly U and U* satisfy the same equation (3.1) and (3.16), and the same 
initial condition U[o,, 6] =U*[a,, o,J]=1. 

But as the Hamiltonian of this equation satisfies the integrability condition, 
the solution must be unique, thus we know 


U*[a, o,]=U [o, a] (3.17) 


Tle, a, l= ys 1 (= Y fees [etry PadewP* (Cad) ++ #,(x,)) 


n=0 7! 


38 “ ( =" “ae fae, ai | ds,P* (L(x,)--Z(ay)). (3.18) 


If we calculate S-matrix, then it is given by 


eh 1 t > n (fo io) wo 
sig br (—) [ax [dae \ dx,P*(L(4,)--L(4n)). (3°19) 


This expression coincides with that proposed by Koba,® but the definition of P* 
is different. 
A concrete example had been given by Matthews™ for the case of interacting 


nucleon-scalar meson field with vector coupling, and the present theory is the 
extention of his treatment. 


One will see, using this P*-bracket, the following formulae : 
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< P(B(2),9°(2")) > = < PRY (2), P(x’) > = (4/2) 4,(4—-2'), 

0 70 0 10 eS / 
p( 2% a¢ a) 2 < P* og" 36 Oo) aif, Aedel aces), 


ar,’ 3 Ax, ax, 2 1 Ot _,OX, 


As is seen in the above formulae, the P*-bracket is simpler than the P-bracket 
when the derivatives of wave functions appear, and moreover the normal-dependent 
part is omitted from our calculation. 
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Abstract 


Bleick and Mayer developed a method for treating the repulsive interaction of two closed shells, and 
determined the interaction of two neon atoms. In the present paper the same method was applied to 
calculate the repulsive potential in the case of two argon atoms, the one-electron atomic wave functions 
that were obtained numerically by Hartree being used. The value of the repulsive potential at R=3.70 
x10-8cem is 6.20x10-1 ergs; at R=2.64x10-Scm is 328x10~-14 ergs; and at R=212x10—%cm is 
2090 x 10-4 ergs. These three values are fitted by the simple function 6 exp (—A/,) with small error 
as expected. 


Intreduction 


Theoretical derivations of the thermodynamical quantities from the inter- 
molecular potentials have been made largely for the case of rare gases, because 
the molecules of rare gases are monatomic and chemically saturated, and the 
intermolecular potential of a pair of these molecules depends only on the inter- 
molecular distance. 

Out of these rare gases, argon is suitable to carry out various experiments at 
the ordinary temperature, and there are a number of experimental data on the 
properties of argon available for the comparison with theory. 

The interaction potential curves for rare gas atoms have been investigated by 


many wotke.s. Lennard-Jones’ and Buckingham? assumed an_ interaction energy 
of the form 


4E(R) =—AR~“4+ BR. () 
And Buckingham assumed the form 
4dE(R) =—aR*+6 exp (—R/p). (2) 


The values of constants 4 and B or a, 6 and ¢ were determined so as to make 
the temperature dependence of the second virial cvefficient calculated from these 
interatomic potential fit as accurately as possible ; the evaluation of A and B was 
made for x=8, 9, 10, 12, 14. And Rice® determined the more 
of the interatomic potential of a pair of argon atoms from the specific heat, the 
thermal expansion coefficient, the binding energy and the interatomic dina in 
solid argon besides the second Virial coefficient. | 


complicated form 
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To determine the interatomic potential function of argon, we need not, in 
principle, use the experimental data mentioned above, since it can be determined 
by quantum mechanical calculation. And Bleick and Mayer’ have developed an 
excellent method for calculating the mutual repulsive interaction of two ions or 
atoms having a closed rare gas configuration, and they determined the interaction 
energy in the case of two neon atoms, using one-electron atomic functions that 
were obtained by approximating Brown’s results analytically. This method is 
essentially equivalent to the method of Heitler and London’. The purpose of the 


present paper is to calculate the mutual repulsive potential energy of two argon 
atoms by Bleick and Mayer’s method. 


The Theory 


The potential is determined as a peiturbation energy of two atoms in a 
manner exactly analogous to the method of Heitler and London’. Two argon 
atoms a, and 6 of nuclear charge 7, and 4%, have a nuclear distance RX. As there 
are eighteen electrons in each atom, we number them from 1 to 36. ra and 75, 
denote the distances of electron £ to the nuclei a and 6 respectively. The zeroth 
order wave function for the system of two argon atoms are expressed by a linear 
combination of permutations of the pioduct of one-electron hydrogenlike functions, 


v,=(36!) 2-1), Fo=P(¥), 


V = Post L) - PareB 2) - Part (3) +> Pasp-2 18) fou (19) ---Poa»-B BB), (3) 


where ar, Paspo Yas are one-electron (Hartree) functions of atom 4a, Gi Mey, (oxi 

26 with #=0 and of 3f with m=—1 respectively, and « and f represent the 

two possible spin functions. Here P is a permutation, and # has the parity of ?. 
The. Hamiltonian operator for 36 electrons is written in the form, 


36 9 4 7 Up 56 Y Y 3686 1 
H=—S* dre] 2 Sy( +i Ppa: (+) 
k=12 m0 R (2 Toke V op’ kal b=1 7 yy 


where a 4, is the kinetic energy of the Ath electron. It should be noted that 
2m 


the case &=/ are excluded in the last summation, ‘Then, if 4,14, is the sum 
of the energies of the two isolated atoms and & is the complete electronic wave 
function for 36 electrons of the two argon atoms, the interaction energy of the 
two argon atoms, JZ, is 


A= SUH dz— (Lut Lu): (5) 


where the integral means integration and summation over the positional and the 
spin coordinates respectively. We shall develop this in the case where ¥ is 
expressed in terms of the solutions of Hartree’s* or Fock’s’ equations. Replacing 
Eat Loe by the sum of the energies in the Hartree or Fock approximation, and 
using the one electron wave functions, we obtain, from Eq. (), 
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(1-5) 4E= (1)? fF AV eB ede, (6) 
36! 2 Pr 
where 
AVe=P(AV4)s (7) 
af 24 3% _¥ 2%. 55 1] (8) 
av.=e R Pa lok 2 Val +m, V yt 
S corresponds to the S of Heitler and London and has a small value (~0.01) : ; 
—S =F sys (-1)” PEF nt, (9) 
a0) Pe 


in which SY indicates that P and P’ never takes identical values. As will 
become evident later, only permutation of one pair needs be considered, and Eq. 
(9) may be rewritten in the form 


RY DIY (2, j=ls, 2s, 3s, ZPos** 3p_), 
43 
SF | sel”, 55 fbacPr,at. (10) 


The numbers of electron in the integrand of Eq. (6) are immaterial for the 
numerical value of the integral. We, therefore, change the notation of electrons 
in each term taken as a whole, so that Bp, and 4V>, become ¥, and 4V,, 
obtaining the 36! different terms instead of (36!)* terms in Eq. (6). This gives 


“S"(-1)" [ware d= SES). (11) 


As shown by Bleick and Mayer, out of the 36! terms in Eg. (11), only several 
terms are different from each other and appreciably different from zero. 

Eq. (11) can be simplified by the following reasons : 

i) 4V, is independent of the spin coordinates and a and 8 are orthogonal. 

ii) The perturbation potential contains no terms with the coordinates of 
more than one electron on the same atom and J Pas* Pade =6,,. 

iii) The perturbation potential contains no terms with the coordinates of more 
than two electrons, and {¢%, $o,@°=s5<1. It enables us to neglect-the terms in 
which more than one pair of electrons has different positions in YF and ¥,. 

In order to simplify the integrals, we will introduce new functions Pas. Pos Pane 
Poy, U., O,, Ud, and U,, which are the functions of the distance from nuclei a or 6. 

Pa is the density of electric charge (in units of e) in the atom a. Pa is the 
density of charge in the atom @ with the ‘th electron missing. CU, is the potential 
due to atom a. Ui is the potential due to @ when ith electron is missing. 
Strictly speaking, p,, or Uf depends also.on ¢, and @,, but we neglect the angular 
parts as in the calculations of the Hartree functions. 

These new functions are expressed as 


Pa(%a) = — dh | Pail? +2Z.0(ra) /Amre’, (12) 
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pra) =Pat |Ras (2) [2/4 fe (13) 


where 0(y,) is Dirac’s delta-function, and R,;(7,) is the radial function (normalized ) 
of the zth electron of the atom a. oe | 


T 1 "a 9 ee 
OC .7,)=—3 \. 4rr°o,(r)ar+ j 4nro,(r)dr, (14) 


a 


which is identical with 


U(r.) = 24 — | td Haute, a) 

hae all electrons v; 

where r, is the distance from some point with the coordinate 7, to the zth electron. 

The potential 7,(r.) is given by Eq. (14) in which Pa: is substituted for p,. 
Using these functions, Eq. (11) is transformed after rather complicated 

consideration, and becomes 


4E = W—[2/(1—S) 1405+ BG), 


(i, 7=1s, 2s, 3s, 29,, 2p), 2f-, 30+, 3a» 3h-)> (16) 
W=E\U aprdt =e \U rpadt, — (17) 
T= —6§ (Cart Uo5) Paitsyt (18) 

"Ry =e§ § Pht) 1/re) Hias(2) arate. (19) 


The Calculations 


The solutions of Fock’s equations for argon atom has been determined by 
Hartree and Hartree’ numerically. Using these functions, we calculate the 
integrals (17)-(19) by means of numerical integration. The one-electron hydrogen- | 
like function in Eq. (3) is written in the form 


Pnim= fu Sips (4, ) ’ 


where S,, is a normalized spherical harmonic and fy(r)/r is the radial part of 
the wave function. The functions appeared in the previous Section can be all 
derived from fu(v). In the case of argon, the quantum numbers of the states nl 


are ls, 2s, 3s, 2 and 39. 
Pa(%a) in Eq. (12) is calculated from 


) at ees 2141 Set ok Ora) Z,=18 
Pata) = pa On re Se * Arr? ’ ( a )s 


and pz(7.) from 
pa(¥) = Pata) +hni/4t%a 
and U, and Uy, can be calculated from fa(%a) and Pa(%a), by means of Eq. (14). 
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To transform the integrals of Eqs. (16)-(19) into the form convenient for calcula 
tion, the method appeared in Landshoff’s paper® on the lattice energy of NaC 


lattice will be often utilised. 


a. The Calculations of W,, } 


In the calculation of the integrals 1, given by Eq.(17), we must pay 


attention to the fact that U,(7,) is a function of v,, and p,(7%5) is of 7. Accordingly 
we must transform the coordinate before carrying out the integration. U(r) is_ 
expanded in T.egendre series (See Appendix A). For example, any function of — 
distance R from one origin 0, /(), is expanded as 

F(R) =p,(r) +p:(r) P, (cos 0) + po(v) P.(cos 8) + ++ (20) 
where ¢ is the distance. of the point to another origin O’ separated from O by a 


— 
distance a, @ is the angle between vector + and the line 00’ and P,(cos@) is the 
Legendre function of degree x. The coefficient »,(7) is given in Appendix A. 


P(r) is given by 
p=; \. F(R) sin 0d0=—! {" F(R)RaR. (21) 


2ar Jia—r| 


Now, expanding U, by Eq. (20), we can write Eq. (17) in the form 
W=0{ (r9(r) +47) P, (cos 0) + ++) yr* sin Odbdrdg. 
Taking into account the orthogonality of Legendre function, we have 
W,, =e" 0,7" sin 0d0d; dp =4ze" | pypyr dr. (22) 
The results are tabulated in Tab!e I. 
Table I The Values of /”,, 


I Il Ill IV Vv 
@ (Bohr Units) +f 5 4 3 2 
W,, (10-14 ergs) 0.98 44.0 410 2420 10700 


b. The Calculations of U,; 
U;; given by Eq. (18) ca» be written in the form 
Tg= ESOL falyde—e( Ui binge. 


In the case of two argon ¢ 5 i 

- se of wo argon atoms, the functioaal forms of U,{ and U,) are identical. 
en we may interchange the role of the suffices « and 6 in the first term of 

the above equation, obtaining 


Cig — OY Oi Bis Pagde—e"| Ori shi thy de 
== OF has ii d+ PE, nj Png) ae. (23) 
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[he states 7 and 7 are expressed by the quantum numbers #2. The magnetic 
yuantum number 7 of p-states takes the value 1, 0 and —1I. Combining the 
hree wave functions for the different values of m properly, we obtain three 


independet wave functions 1 ae ful?) cos 0, a 2 fu) sin 6 sing, ede 
2 'N BCs iN IC) ANT NG 


ae 3 r ° . e a 
bul?) in 0 cos'g. We designate them as 9, sin and cos respectively ard we will, 
r 


hereafter, use the notations ls, 2s, 2%, Dhainr 2Pconr 251 BP» 3Psin and 32 cos: 

In the calculation of Eq. (23), ¢a/s are transformed as shown in Appendix B, 
and integrals are calculated in a manner as described in Appendix C. 

The results are tabulated in Table II. 


c. The Calculations of s;;_ 


Sig JPE~rsae is obtained at once from Appendix C. From the numerical 
value of s,, it was found that the method of approximations used here is noi. 
legitimated at the short nuclear separation such as a=2 aud 3 Bohr Units. 
Hence, the calculations were carried out only for the nuclear separation a=A, 5 


and 7 Bohr Units. 
Thus the results are given in the third column of Table II. 


a 


d. The Calculation of a. 
MiRk;z given by Eq. (19) can be written in the form 
5 
WR HED J [Pa b* (2) rising (1) Pg(2) aed e>- 
44 5 


Let us replace the suffix 7 with dé and change the position of indices @ and 6 
as shown in Appendices B and C. Then we have 


By = ess (4 (1) 42 (2) rig Pram (1) Prim (2) F714 Te 
ij 4 


b2(1) 44 (2) Sip 12) 
=>) \|— ded 24 
=e \\ my iat (24) 
where 
02, (12) = Spm (1) Prim (2) _ 241 far )fu(?) p (cosa). (25) 


4a fo 


—> — ; 
a being the angle between the vectors 7, and 7. In Eq. (24) the term 77° or 
cos 4/71 appears. According to the propeities of the Legendre polyromials' 


we have 


oh 
ik. > (cos @) (26) 


, 
High, TPN 
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Table II Numerical Values of The Integrals for Two Argon Atoms 
(3/,; is the mean of 3fcos or 3fsin,g and 2/, is the mean of 2 cos or 2sin) 
R Z j siz(10-*) Si5(10-+) = ae (10-*) 28019 (10- 4) 
3h, BN 2.88 8.29 1.82 5.24 
3s  3fo —1.17 1.37 —1.27 1.49 
34, | 3h, 0.488 0.238 0.376 0.183 
LE BSG 3s 0.255 0.650 0.228 0.0581 
I as Bp, 0.085 0.0072 01 0.00 9 
70 A 2 3fy —0.0402 0.0016 —O1 0.004 
2s 35 ‘—0.00732 —0.002 
3s By 0.0074 0.001 
3p 32 13.3 177 pee | 235 
3s 32o —7.66 58.7 —104 79.7 
3A, 3p; 342 11.7 3.28 11.2 
Ob, Ue) Ss 3s 2.90 8Al 34 9.9 
II Oe ee 0.844 0.712 0.86 0.726 
264 A 24, 3h —0.372 0.138 —0.6 0.222 
2s 3s —0.145 0.0210 —0.28 0.040 
3s 2 = 0.0275 0.0007. 0.22 0 006 
3, ~ Bf, 23.5 552 35.4 832 
3s 3%  —18.6 346 —24.8 461 
Sa Ag, 8.96 80.3 9.76 87.4 
4B.U. 3s 3s 8.77 76.9 121 106 
TI Sr Seas, 2.58 6.66 30 77 
DIF HAYS, Sie ee 1.12 —8.0 8.5 
2s 3s —0266 0.44 —8.9 5.9 
24, 8s 0.41 0.168 2 11 
and 
cos a A ceed Fa! gett ) 
rs =( Dh—1 yy | Bheg pee) MOOS) 27) 


where 7,=7,, r,=r. when T<%y and r=ry, r,=r, when 7, > rp. 
Furthermore we need the addition theorem for the Legendre polynomials 


P, (cos 2) = P,(cos 0,) P,(cos 0.) +29 ee P, (cos 8,) P@ (cos @,)cos m(9,—¢,), 
m mm) ! 
(28) 
where Py"(cos @) is an associated Legendre function of degree #4 and order m; 
and also we use the formula which replace the double integral with twice integrals 
r “("s . 
[JeCrdees) tri =2) f. c(%)ri'dr, Oe dry (29) 


At the first place, we represent the function ¢!(1) and ¢7(2) in Eq. (24) 
as functions of the coordinates relative to a new origin O’. The results are given 
by Eqs. (B5), (B8) and (B9). 

Now, we write the right-hand side of Eq. (24) as 31 C,. And we consider 
the angular part of Cin. P(cosa) in Pu(12) given by Eq. (28) is equal to 1 
for s-state and ¢os.a for Pf state, and P,(cos a)/ry gives the result of Eq. (26) or 


8 


The Mutual Repulsive Potential bctween Argon Atoms 419 


iq. (27). P,(cosa) in Eq. (26) or Eq. (27) is expanded as Eq. (28). On 
he other hand from the factor given by Eqs. (B95), (B8) or (B9), w’ find the 
ngular part to be P(cos@) in s or ~-state, and P'(cos One it np »- ind © 
feos States M Itiplying these terms with Iq (28) and integrating over 6 and 
», we obtain, for the product of s or f,-state 


Aged? LOR" 
QW+1 241 (244+1)° 


\? (cos 6,) Py (cos 0,) P,(cos 4) d2,d2,—8y8rn 


und, for the product of .i,-state and Z,;,-state, and for the product .of Zpo.-state 
ind Peos-State, 


paces P? (cos 8,) P} (cos 6,)P, (cos @) a2,dQ, 
Ba ae eI) hie eerie PL ERY) 


And other products vanish owing to the integration over the variable g. Thus 
we obtain the following results, 


ine 2 n° =i Pn) OU ey 30 
Coane Daas Met Mine ddr OO dre (30) 


eee yee Le en ; 
‘ia pa e 4 {ex Gifu pe (ro) np G ») (= fl * O24 Di dra 


2h+1 Lite 
z (24+1) (31) 
Een na fas(rs ‘dr En (ro) fns (2) 72 Padrars (32) 


ho rt? f+ rt ) f 
[Ed fool?) Eales) fol) (954 Gas tags Ba 


re: np =>) 
A 
(33) 


cr ae 


ee — p44) 442) [DassGed fouls yritar Drsi(to ful") gy, 


Cripgy ns ee 9 hts 
NPgind 2 3)2 
h c A+ ) (34) 
9(24+1)(A4+2 > : y 
Corsini? Cres: | )Pon (i)fnp (71) Pass (12) fnp (2) 

bt ee h+2 rt “ard (35) 
Ihn+1 Ete WM+d r,t 

where 


aE,(r) a of a rprP, (7) + ape (r ) - itn Ones (7), 


J antes 
aD, (7) == a pres(r) — 9A+3 Pret (r)- 
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And 3}Xj;' is expressed by 
ij 


pia. — 2 (Corsa ate C25 5p as Capane ar Cie 25 Cop..5 a 2 Cop, 3s a 2Coy ns ai Coe, 28 

a Crp,.,,50) of Crs, 38 1 Cop.np _ Crpeaps 
where the terms containing the state of quantum number 7=1 and the terms in 
which the both states belong to »=2 are negligible and omitted. The first threg 
terms of the expansion of C,,, are computed. And the results are tabulated in 
Table III. 


e. Numerical Results 


The numerical values of the integrals given by Eqs. (11) and (16)-(19) 
for two argon atoms are tabulated in Table IV. The equilibrium separation of 
argon lattice at the temperature of liquid helium is 3.82 A. 


Table II The Values of C i nl 


Z nd at Bite at 5 B. U. at 4 B. U. 

3/4 3p 0.342 15.70 105.1 

oF 3p 0.0760 431 27.3 

3A 35 0.0356 231 194 

3s 3s” 0.027 4.15 41.7 

3/5 3s 0.024 3.11 33 

2s 3p 0.0060 0.7 8.38 

2p; 3p 0.001 0.008 0.30 

2s 35 0.002 0.83 

2A, 3s 0.06 

Table IV Sums 
—§ —2 yr 2 1 > 
R(10-8 cm) RY tos 25a Vig To Ry —ii 4FE 

3.70 0.00232 7.63 0.447 0.98 6.20 
2.64 0.0656 490 28.2 44.0 328 
2.12 0.300 2750 271 410 2090 


Discussion of Results 


The empirical equations for the tot 
given in several forms, out of which th 
and (2) are often used: 


al potential of two like atoms are 
e following two forms given by Eqs. (1) 


Pare Oe. 
Po ee a 
+ (36) 


and 


4E=— aR“ + exp (—R/p) (37) 
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where A, B and # in Eq. (36) and a, 4 and p in Eq. (37) are constants. The 
frst term —AR-* or —aR>* of the right hand: side is the term for attraction, 
and the second for repulsion. Buckiagham’ gave the numerical values to all 
constants. As in our method only the repulsive term is deduced, we can determine 
the constants of repulsive term ia Eq. (36) or ia Eq. (37). The constants of 
repulsive term derived from Table IV are tabulated in Table V with the values 
of Buckingham and of Rushbrooke™, method of least square being used to cletermine 
the constants. 


Table V The Constants of the Potential Curve for Argon 


AE=—AR-§+ BR™ AE=—akR-6+6 exp (— Jo) 
a p b 
2 A(10-MergsA*®) B(10-MergsA” ) (10-1 ergs A®) (A) (10-29 ergs) 

i) 9 1.70 76.8 vii) 1.02 0.273 169 
ii) 10 1.37 205 viii) 0.272 515 
iii) 12 1.03 1620 

iv) 11.4 tere 869 

v) 10.5 660 

vi) 12 2970 


i, ii, iii, vii: by Buckingham, 

iv,: by Rushbrooke 

v, vi, viii: from the values obtained in this. paper, 

vi: variating both 2 and 2; vi: fixing #=12 and variating 2B. 


In Table VI, the values obtained from the analytical forms Eq. (31) and 
Eq. (32) (the constants are given in Table V) are compared with the calculated 


values in Table IV. 


Tabce VI The Calculated Values of Potential Curve. 


R AE (10-14 ergs) 

(10-8 cm) from (v) from (vi) from (viii) from Table IV 
3.70 7.08 447 6.70 6.20 
2.64 242 253 298 328 
2127 2520 3690 206U 2090. 


From Table VI, we see the analytical form Eq. (37) fits best and Eq. (36) 
ergs A” and n=10.5 fits next best. The agreement 


with constants B=6.60 x 10~ 
ed from experimental values 


between ¢ from our calculation and the one determin 
by Buckingham is surprisingly good. The constant .é differs by about three times 
from the & of Buckingham but this does not affect the form of potential curve 
appreciably. 

The author is indebted to the suggestion of the prob 
advice given by Assistant Professor Shu Ono. 


lem and the valuable 


. 
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Appendix A 


We transform F(X) the function of only the distance R from a point 0, to 
the function of coordinates yr and @ relative to another poiait 0’ separated from 
O by distance a (See Fig. Al). For this purpose, we expand F(R) in the series 
of Legendre polynomials 

F(R) = pr) + (7) P,(cos 9) + por) P2(cos 9) + + (Al) 
where P,(cos 0) is the Legendre polynomial of degree 7. P,(cos @)'s satisfy tke 


relation 


os F 2 
P,,(cos 9) P, (cos 6 A6da6= te Z 
" (cos 8) P, (cos 8) sin ea 6 (A2) 


Multiplyting 2,(cos 4) sin@ dé on both sides of Eq. (Al) and integrating over 
0 we get 


[FR Pa(cos Oy sin 0 0a (A3) 
ees oo | 
For 2=0, 1, 2, 3 and 4, it becomes 
wa : 
po(r) == |F(R) sin 0d 0 (A4) 
3 
a(r) == F(R) P,sin@ 0 (Ad) 
plr)=S F(R), sin @a0 (A6) 
7 
palr) = [H(R)P, sin@d@@ (AT) 
= > . 
alr) = S[F@z sin@d@ (A8) 
where 
P(w=1, Pw =p, Py() => (344—1), p 
P,(t) =+ (58—3,) and 
; 5) 9 © R 1 


1 
P(e) = (35 p'— 30,243), 


From Fig. Al we have 
Fig. Al 
r+ qi— R? 
2ar 


Cos 6= 


(A9) 
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ind 


sin 0 dd= eR yR: (Al0) 
ar 


iq. (A4) is given by 


latr! 
F(R) RaR. (ALL) 


2ar J \a-r| 


Por) =>|, F(R) sin 0 dd= 


Similarly, Eqs. (A5)-—(A8) are expressed by 


3 . 
ac)=— ee & (F(R) Re R42 NFR) R°dR (A12) 
« A 5 : 1 

rl => Beeb ET (el >(2 re +1) p+ o>. : [PRRAR 
er 16 a'r? 
(AI3) 
— to (247°) _ 88 (Fry a &, 105 (e+ | s 5 
pal) = Ae ar 1) em 8 ar ee, 32 a BOSETES 
105 1 Pia eer 
Ete -\FR) RAR (Al4) 
9-105 (a’+7°)3 63/15 (a+r) ) 
= oe 1 
pr) = gare 16 a OTN BIS at pele 
rela? (247) | F(R) RaR— B15 (a, +7*) [ARR aR 
128 a 64a 
EE Ble RyRar. (ALS) 
266 a 


Appendix B 


The electronic wave functions of argon atom is given by 


ae 1 falk) Bl 
Pa = SAn- R ( ) 
ye Paes . 
$2 = i oe ) cos 9 (B2) 
ne Tee ee) sin Ocos @ (B3) 
sin An 
i Soa 3 lol) sin 8 sin @ (B4) 


where 6 is equal to 7 POO! in the Fig. BI, @ is the angle between a ceitain 
fixed plane containing the line OO! and the ‘plane Poo’. Eqs. (BL)-(B4) are 


424 M. KunIMUNE 


the functions of coordinates R, 9 and 9 We will express them as functions 0 
coordinates vr, 0 and ¢ relative to O’. 

‘I. Eq. (BI) for xs-state. 2 
We expand f,,(2)/R as 


Fr R)/R= Lei (7) Pos 8) 


and we get 


1 ns 
fa= Vig (r) P,(cos 9) oi ®@ 


(B5) 


if. Eq. (B2) for wp-state. 
From Fig. Bl we have Eq. 
(A8) and Fig. Bl 


AN Peat ak (B6) 
R 


sin 0= 1 sin 6, (B7) 


Inserting Eq. (B6) in (B2), 
eee: 3 ae (a—r cos 4). 


Now putting 
Sap (R) /R°= Diet? (r) P,(cos 8) 
we get 
Pre.= ee _(a—r cos 8) Yo? (r) P,(cos 8). 
Using the formula for Legendre polynomials, 


cos 6 P,(cos @) = be a Pu + ssi Pi 


finally we get 


ee == 3 Ss) f+1 ~ 
YP npo= oe Pa ov “rp 2 (r) + apr "(r)— 4 cy PR) )Pi(cos 8). (B8) 


Ill. Eq. (B3) and (B4), Npxy-State and xp,,.-state. Putting Eqs. (B3) and 


(B4) together and designating them as ¢,3,, 


Gu = 3 Sap(®) sin g sin @— 


Ave, iM ar cos 


and inserting Eq. (B7) in it, we get 
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Beco) Geic) ep Sin 
Poor te pe on 6 eel 


ince ®=g. And we put 
fap (R)/R?= Ye7r?(r) P.(cos 8). 


Using the formula for the associated Legendre function 


, 1 
sin 0 P,(cos 0) = W41 (Pin— Phy) 
we get 
: ee 
a i 1 n 1 np 
Pron = a 28 orar Ee hey pit(r)) Pi(cos 4). (B9) 


Accordingly the transformation is given by Eqs. (B5), (B8) and (B9). The 
py’s in these equations are given by Appendix A. 


Appendix C. 


In Eq. (14), there are many integrals whose integrands are the products of 
a function of R, 9 and @ and a function of 7, 0 and g. As in Appendix B the 
function of (R, ‘6, @) is transformed iato the series of the function of (7, 9, ¢). 
We shall deduce the forms of integrals in this Appendix. The transformed func- 
tions are expressed by Eqs. (B5), (B8) and (B9). 

I. For the product of s-state and s-state. 
As 

pea laley 
V4n 4 

the product may be written as 


| eattade= Leo rfulrrara®, 


where 
d2=sin 0 dbdy, 


and we have 
J basrats =" (r) faa rr: (CL) 


II. For the product of s-state and f,-state 
As 


ALON? 


Poo = | 4n r 
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we get 


\¥ Papolt = aT m(r)f..(r)rdr{ P,(cos 8) }°d2 


= Js) AL) fap (1) rar (C2) 


where we use the formula 


[tz (cos 6) }"*d2=— cal 
2n+1- 


Ill. For the product of f,-state and s-state 
As 


we get 


J be bode = as (aes (r)— ane (r) ) Ins(r) rdrd2 


= nm: 1 np 
=V3 al) —— = ot @)) fala. (C3) 
IV. For the product of f,-state and f,-state 
As 
Pnro= 3 Sultry cos 8, 
4x r 
we get 


a 3 ” mp / 2 12 
| Pasehaete = =| f(-r@°@ + ap? (r) — ¥ re? (r) ) fan (r)rar P,(cos #) hd 


= =al (mr — = 3 728 P(r) re ~ 08"(r) ) Fao ar. (C4) 


V. For the product of #,,,-state and wp,,-state, and for the product of 


MPs State and uP 9-State. 
As 


=a 3 Sn (7) sin 05!" g 
r 


we get 


[Yaiutiaete= = 9 i (wo “rr)) fap 7) rdr P.\(cos 0) }{ sae ae ) da 
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=|(er@)— Ler) fn)rdr (C3) 


where the formula 


ne 4 2x (n+my)! 
eyes 0 eee Ne eS 
ji (cos 8) cos me }°ds Pi ae ay 


is used. 
For the products of xs-state and mp,-state, mp,-state and xf,-state, 7f,,,-state 
and zf,,..-state etc. the imtegrals vanish from the integration over ¢. 
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The fact that in the upper atmosphere there is a symmetry of the east-west intensity of the cosmic- 
ray,!) brings a difficulty to the Proton Primary Hypothesis which is assumed from the experimental results 
of the east-west asymmetry on each latitude and at each altitude from sea-level to 10,000m height.) To 
remedy the situation, Arley3) assumed that there exist negative protons in the primarics. But the 
mechanism, by which negative proton directly gives the soft component, has no clearness. In order to 
make clear to what extent we can solve the problem of east-west effect from the standpoint which is 
now accepted—that is, primary progjon gives z-meson and 7 meson decays into yz-meson which gives the 
soft component by disintegration,—we have investigated the angular distribution between the primary 
proton and the produced soft component. 


I. Analysis of the Experiments 


1. Some Assumptions. 

In order to get the angular distribution adequate to explain the experimental 
results in the upper atmosphere (< Im H,O), we analyse them under the 
assumptiozs as below ; 

i). Primary proton, colliding with the air nucleus, emits z-meson and then 
after m-y-decay, #-meson gives the soft component. The probability of these 
Processes is proportional to the primary proton intensity and depends upon the 
magnetic cut-off energy of proton e,. It has the form, 

m dQ dx=6[e,(%)] exp (—x/l cos 0) P(A) dx dQ 
?=1.25m H,O. (1) 
P(9) is the incident flux of primary proton, the direction of which is @, with the 
vertical. 
ii). The intensity of soft components produced by the #-mesons varies 


cascade-likely. As the soft intensity at the distance ¢ fiom the peint wh re 
nuclear events happen, we set approximately, 


fQ=at exp (—a,). (2) 
The validity of this approximation may be allowed phenomenologically, since @ 
and a can be determined to fit the experiments. At ¢=0, rt) becomes wit 
This corresponds to the fact that the nuclear collision of proton does not give the 
soft eomponent directly, but -~-decay and p—e decay precede. : 
. ili). For the angular distribution funct on R(@), @ being the angle between 
the primary proton and the produced soft component, we assume, ; 
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const. (\@| as w) 
0 (|A|>o) 


(3) 


aQR(0)=da2 x 


2. Determination of the Angular Spread. S 
Jur first purpose is the estimation of the 
juantity w from the analysis of the experi- 
ments. 

In Fig. I, the soft component in the 
direction @ found at the point 7, -has its 
origin on the line ZS. The probability of 
the soft component being produced in the 
infinitesimal length ds about P on TS, is 


fa 
° 


<—— — = 


T Fig. 1. 


at 
cos 


cc ds| bemtt 04% R (0, —)d0,P(0,) = | bc 28 PH.) R(B—0,) a0, (4) 


If the produced soft component multiplicates by the formula (2) along its path 
to the point 7, the soft intensity in the direction @ at 7, is 


S(4p 9) ccf pall e058 R(O,—0) a, f ( sax) P(8,)dx/cos 8 


cos @ 


= aa [ae {4 z/1 cos®> R(§,—0) Ci 1) ee i °10,P(8,). (5) 
) 


Fore 9 
cos” 


The integration of (5) with respect to x gives; 


S(4, 0) (ROO 8) F(a te /P—1/Aerts "dO PH) 8) 


cos” p 
B= (1/f cos 6,—a,/cos 9). 


In the ‘above discussion, our treatment is two-dimensional one, while essentially 
it must be three-dimensional. The effect of the three-dimensional treatment, 
however, say, the effect perpendicular to this sheet of this paper, is almost same 
as for each zenithal angle 0. So, it does not bring any appreciable correction 
when we discuss the relative magnitude of the east-west intensity. But the spread 
of the angular distribution (@ in (3)) becomes smaller by 8% than in the case 
where the treatment is three-dimensional. 

Now we determine the value of parameters by the compalison with the ex- 
periments. As the soft intensity, we take the value of its veitical intensity at 
45°N” In (6), we take =O, and then replace the factor P(4,)d by its mean 
value on 0, Putting it outside the integral, we determine the values of a, and 
a, to fit the expeiimental curve. @ is, from (1), some quantity which depends 
upon the multiplicity and the energy of the 7-meson production. 

As the experiments to be compared with (6), we take that of Johison et al” 
For P(,), in correspondence with their experiment, we take the mean value on 
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South-East-North, North-West-South directions at each zenithal angle 6, from the 
graph obtained by Vallarta.” P(4,)d in the integrand of (6) is the quantity” 
which is responsible for the non-symmetry of the east-west intensity. By taking 
a definite 0,, we can obtain the corresponding magnetic cut-off energy and then 
total flux of proton, P(4,), but 4 cannot be determined in this way. So, we 
assume that the relative. magnitude of P(6,)4 is proportional to the vertical 
intensity at each latitude, in which the magnetic cut-off energy as to the vertical 
incident is same as the definite 0, at the latitude of the Johnson’s experiments. 
From the experiment of Neher et al.”, it becomes, 


P(O.)6 06 {€-(4) }-°™. (7) 
The east-west effect TZ is expressed as following ; 


a2 SG, 0) —SaG, 2) (a=20°”) (8) 
Sw (9, %) + Se(4, 40) 

In the experiments of Johnson et al., the highest observing altitude is 0.33m H,O, 
and they have taken the mean value of the results at the highest and the lower 
altitude. We select the results at 4,=0.5m H,O. We can assume that the vari- 
ation of the altitude in the neizhbourhood of this height does not affect the east- 
west effect appreciably. Thus, we determine the angular distribution fuction R(@) 
involved in S in agreement with the experiments of Johnson et al., 7~10%. 
Then the value of is, 


w =~ 0.87 radian. (9) 


Our calculation is made only upon the soft component, while the result of 
Johnson et al. is that of the total intensity. The hard components and the 
surviving protous almost conserve their direction, while the value given in (9) is’ 
valid only about the soft component. And so, the value in (9) may be taken as 
the minimum of the angular extension. But, in order to enter the region of these 
problems, our methods of analysis is too insufficient. More accurate treatments, 
in which the energy distribution of meson production and other effects are con- 


sidered, are required. The above estimation may be correct only in the region 
S2m H,O. . 


II. Theoretical Treatments. 


In correspondence with the treatments of the above section, we estimate the 
angular distribution between the primary proton incident vertically on the top of 
the atmosphere and the produced soft origin (electron), at the depth xm H,O, 
semi-theotetically. 


ai the energy spectrum of the vertical proton at mH,O depth is assumed 
to be 


de P(e, x)= Ne" de 3", T=1.8 (10) 
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Under this assumed spectrum, the contribution from the low energy region is 
overestimated.” But it does not affect appreciably if the magnetic cut-off energy 
is large. 

1) 2-meson production. 

It is now assumed that the emission of z-meson in nucleon-nucleon collision 
is isotropic in the mass-system? and the angular distribution and the energy 
distribution is independent each other. Then, the probability of the z-meson being 
produced by the proton of energy ¢ in the energy range 4, £,4dE, and in the 
angular range 9, 9,4+40,, is* 


W (e, Ey, 0,) dE, d2,= Ce EdE, (1 —u°) /(1—u cos 0,)* d@,/4 


u=p/e+K (11) 
where f and XK are the momentum and mass of proton respectively. # is the 
‘relative velocity of the mass-system to the laboratory system and we put s=—r 


=1/3. This values of the constants are consistent with the meson spectrum in 
the lower atmosphere. The probability of the production of z-meson at the depth 
x,, in the direction @ with the vertical and in energy range E&,, £,+dE, is, 


GEgdQ diy t (Ey, 995 2) =NC 07" al de et ts Erle 4 K) dey K 
a dt 


[e(1—cos 6.) 4K} Qn 


1 
[e(1—cos 6,).+ ak 


= NC e-0!"_4_ dQdE Ey “day |" de ete + K) (12) 
Qra t 
In (12), we replace u=p/e+X by e/e+K. This approximation may be allowed 
at the latitude of high magnetic cut-off (Z, > 10BeV), and at the high altitude. 
We put ¢=Z, exp (—+,//) as the lower limit of the integral, considering 
the energy loss in the air. This is not correct when the energy of the produced 
m-meson is > &,. But the #-meson, produced by such energetic 7-meson, has so 
high energy that it does not affect the soft component in the upper atmosphere. 
Under the above approximation, (12) can be integrated and the result is, 
2 


ae get Ss K Pe 
tt (Eo, 9), %o) dEyax,d2 = NC e rina bE ae aE, £4 Fak cos 4,+J,) 


Lf Acs VE 8 | T6088 2 tan, / A —e08 4) 
t= | et vines 6,) +K| 4 K ( K ) 


K  1-—cos4 (1—cos %)"" (79 t: 4, hibeactsl))| 13 
alae ey ae Gane enc 


ii) 7-p-decay. ‘ 
As the mass of the z-and p#-meson, we take x=286m and p=21%m_ respec- 


* The form of the angular distribution (1-72) [(1— cos 9)° d& [4x ‘s generally obtained if (x / LZ) 
is neglected compared with 1. 
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tively. In the rest-system of m-meson, the energy and the momentum of the f§ 
meson is denoted by ¢, and p,. respectively and 9, is the angle between PD, and | 
the direction of z-meson. The corresponding quantities in the laboratory system 
is denoted by €, p and JO, respectively. The velocity of z-meson is =$,/ Be. 
Then, 

€=(€,4+2 py cos O)/V 1—(w’)? \Po| =Po 
From this, the energy distribution of the produced #-meson is, 

dé/ak, £, = « = (l—a)&,. 
f (e)de= fas, ( ; (14) 
0 (l—a)E, >. 

In the previous cases, when one particle decays into two particles with negligible 
masses, the energy distribution has the form de/dE and so the mean energy be- 
comes 0.5 &. While in the case of z-#-decay, on account of the small mass 
difference of z-and p-meson, the mean energy of #-meson becomes larger. Under 
the approximation 


€,=225m > ~,=—6lm, 


the obtained angular distribution indicates that #-meson cannot deViates from the 
direction of z-meson by the amount larger than @,,..~(fo/#)(x/p)(~ is the 
momentum of z-meson). When we restrict ourselves to the case of E, > 2x, Ona. 
is $0.1 radian. Since the z-meson of Z, < 2x does not contribute energetically, 
we may assume that the directions are all conserved in the case of the --decay. 
As is clear from (14), the energy range of the produced semeson is so small 
that the energy spectrum of #-meson produced by the z-meson of energy £,, is 
approximated by, } 
O(a’ Ey — €) de a’=0.78. (15) 


Next, the intensity of #-meson at 2, which is produced at x, with the energy 
€+)’(4—x,) and with the angle @ with the vertical, decreases on account of 
the collision and the decay by a factor, 


{2 (€/€+f'(2—2,)) 
r+ 


Lawes 


&=34/cos 0, ’=B/cos O b= (pe/z) (%,/e)=1.1 BeV (16) 
8=0,20 BeV/m H,O. 


So the intensity of #-meson at x, in @-direction and in the energy range €, €+dé, 
is 


re tele TF vol Be a 
aQdep(e, 0, x) ek 6 Sree =) J e*d! 'dE,E sy (L; cos 0+ 7,) 
x j d(€+ A’ (x—2,) —a'E,) ee pen ade 
x +P (2—m%) 
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— vc dee fern" ay eon ek \ e+ (4-0) |" ‘ (/,cos0+7,). 
m Kaa’ x €+fP'(4—2,)) a Ni . 
(17) 
iii) meson decay. 
The natural decay of y-meson is associated with one electron (or positron) 
and two neutral paiticles. We take the scalar interaction 


H! = ($e BY) Hy By) + 6-0-5 (18) 


where ¢,, 9’, and g, is the wave function of electron, neutrino and s-meson 
respectively. In the rest-system of /-meson, the energy distribution of electron 
(or positron) is 


f(E)dE o E°8p—44)dE, (19) 


where the mass of neutral #-meson #,=0. And the directional distribution of the 
emitted electron is isotropic. In the decay process of the #-meson of energy ¢ 
with the velocity «(~=p'/p), the energy distribution of electron (positron) which 
is in the energy range #, #+4dE, and in the angle @ with the direction of #- 


meson, becomes, 
1 L—wcos 0 


Q\4 
, = wae ———— —H 2 e == SSS - x a § ‘ 
1(0, E)dEa2 (=) St, (Un coa8) Be 4 L)dEdQ /An 


E<£v1i-#/1—u 0s 8. (20) 


pL 
2 
After integration on energy, the angular distribution becomes, 


dQI(9) =(V1—1/1—4 cos 9)?d2/4z. (21) 


Under the approximation (w/e)? <1, the energy spectrum is obtained by inte- 
grating on 9, 

D fy? 4 BE’ \db roy 

dE Ie, E)=(~-3 hs +e 2 \=. (22) 

2 cme ey £ 
It may be expected that the forms of the spectrum obtained above do not vary 
appreciably with the type of the interaction in (13). As is seen from (2k), in 
the case of -meson decay, the electrons are scarcely emitted in the angle larger 
than 


Op cas hea p/p: £3) 


For the simplification of ovr calculation, we accept the following approximations ; 
taking the mean value of the angular deviation of the electron emitted with the 


u 
angular distiibution (23) on one azimuthal plane, we get < o> ar Fe p/p. 


For the electron in 9-direction we take the mean contribution of the #-meson 
jntensities with the directions of (9- < 06> 4y) and (6+ < Gs) 
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iv) Angular distribution. 

Taking into account that the rate of #-meson decay in the distance dx is 
(0'/e,v) dv, the intensity of electron with energy between E and E+dE which is 
emitted in the direction 0 at depth x, becomes, 


/ 
: dE dx d2o/4n-S(E, A, 4) et x LE, 6, x) b — aya -drdEdQ2,/4z (24) 
E i 


where the symbol < > 4, indicates such medn values of the intensity as stated 
at the end of iii). The energy transferred to the electron is 


drdQe{ BSCE 0, aks ae ew ee ee 
4z 20 Jz x 
=d1dQ2/4n-E,(9, x). (25) 


The value w estimated in the above section does not correspond to the angular 
distribution of the soft origin, but to that of the transferred energy to the soft, 
For the angular distribution is determined about the soft intensity which varies 
cascade-likely, while the cascade intensity is proportional to the energy of the 
soft origin. Using (25), the mean angle of the soft component to the vertical is, 


< 0,>,=J0E,(9, x)d0/SE,(0, x)d8. (26) 


In this integral, integration is done with respect to ¢6, not to 72, in correspond- 
ing with the treatment of the above section. For the comparison, we put w==0.87 
radian and then we define the quantities <w>, and < @, >,» Tespectively, as 


<w>,=§°0-d0/ {-d0 (26’) 
< 4, > ,=J§On(0, x) d0/( (0, 2) a8. (26”) 
And the results at x=0.5m H,O are shown in Table I. 


Table I. < 45 >p | < On >p | <o>p 


0.197 | 0.155 | 0.435 


Ill. Discussions. 


So far we have neglected the contribution due to the neutral meson. In fact, 
the amount of the absolute intensity of the soft component in the upper atmesphere 
Cannot be obtained, if the neutral mesons are not taken into account. But the 
neutral meson may be expected to be produced with the same distribution as the 


case of the charged meson in the nucleon-nucleon collision. 
where the effect of the neutr 


change in our problems, 


So, even in the case 
al meson is added, the situation does not essentially 


“with the vertical may be expected. But, in the rough approximation 
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Now, <9 > shown in Table I, is the values obtained from the estimation 
only of the vertically incident protons. As for the non-vertically incident ones, 
the spread of this quantity is not expected to change appreciably. Now the 
angular spread gives only an amount of 45% of that required from the experiment. 
The rough estimation of the east-west effect of the soft component only, setting 
the values of w equal to 0.39 radian in correspondence with the <4, >. which 
is obtained from Table I gives 


T, (55°) =38 %. 
Next, if we assume that the proton intensity decreases by exp(—2/) in con- 


serving the direction in its path in atmosphere, the east-west effect is estimated 
as 

Tyroton 80%. (#=0.5mH,0) 
Concering to the -meson intensity, an appreciable variation with the angle 
that is, 
taking <9, > in Table I as the angular spread of the #-meson intensity, assum- 
ing the #-meson intensity to be proportional to the flux of the proton multip!ied 


by athird power of the magnetic cut-off energy of the proton due to the multipli- 


contribution wuich diminishes the east- 


city of the z-meson production and replacing the variation of the #-meson intensity 
with the atmospheric depth by the experimental curve transformed by the factor 
(x/cos 9) , 


we get, 
T, ~ 50% (2=0.5mH,0). 


If these three components are mixed by the ratio a:6:c, the average value of 


the east-west effect is 


aT, +67, +¢T, 


< > 
atob+c 


For example, in the case of a:6:¢ 1:1:4, it becomes, 
F6d lie y e 


Several effects may be considered in order to save the difficulties in the 
problem of the east-west symmetry of the cosmic ray intensity in the upper 
atmosphere. i). If there exist negative protons in the primary, the intensity of 
negative proton must be about 40% of that of the primary in order to explain 
the results of Johnson et al., while this is in contradiction with the experiment 
about the east-west effect of the hard component in the lower atmosphere 
( < 10,000m). ii). Deflection of the charged particles due to the geomagnetic 
effect is negligible.” iii). Star is a process in which particles do not conserve 
the direction, but the energy of the particles produced in it being about 10%ev, 
they do not penetrate the counter wall. So the star phenomenon may not affect 


the experiment. iv). Heavy nuclei involved in the primary radiation give a 
west effect, but to explain the phenomenon, 
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the now accepted amount of heavy nuclei, //: He=4-:1" is not sufficient. 

The discussions above stated is based upon rather rough estimation. But we 
may conclude that the above mentioned processes are not essential to explain the 
east-west effect in the upper atmosphere. So, we may expect that special pro- 
cesses of the meson production in the nucleon-nucleon collision play a role, say, 
the plural production, besides the multiple one or the large backward distribu- 
tion of the produced meson in proton-neutron collision. . 

In conclusion, the authors wish to express their cordial thanks to Prof. S. 
Sakata for his kind interest in their work. 
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As a result of the new formalism of Tomonaga” and Schwinger” the quantum 
theory of fields has made very notable advances. Especially it has given many 
beautiful results when applied to the system of electrons interacting with radiation 
field In this case we have found no ambiguities in formal aspects. On the 
other hand in the case of mesons interacting with radiation field,” it appears. that 
there remain some ambiguities concerning with the conditions of integrability and 
the Lorentz. invariance. 

In the theory of Tomonaga and Schwinger the generalized Schroedinger 
equation is given by 


Ble) — 2 PP le] 


where H(/) is a density of interaction energy at a world point P. In case of 
electron-radiation field, H(/) is relativistically invariant and at the same time it 
satisfies the condition of integrability. On the other hand in case of meson-radia- 
tion field, H(P) is not relativistically invariant and also it does not satisfy the 
integrability condition with regard to 6 /dc, To remove these formal difficulties, 
Tomonaga and Kanesawa have added one term which depends on the noimal of 
the surface o at the point considered, so that the modified /7 satisfies the both 
conditions of integrability and Lorentz invariance. 

Therefore it is worth while to try to make clear these circumstances. It is 
the first purpose of this paper. In the second place we shall consider the 
following problem: if any system of fields is invariant for some transformation 
groups, what happens in the interaction representation concerning with the 


character of invariance mentioned above ? 


$I. Classical Theory (Lagrange Formalism.) 


Let us consider any one Lorentz system in the flat space-time, and denote 
the coordinate value of a world point P with regard to this coordinate system 


as follows: 


f= (ay ¥, ay 6)” k= ] ’ Zr 3, 0. 
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Tn general Latin suffix refers to Lorentz system. Furthermore we introduce a 
system of curvilincar coordinate (¢-system) in the same space-time, and denote 
the coordinate value of /? referred to this “-system. as follows :° 


Saeed xd 


The Greek suffix refers to ¢-system. The dotted figure (for example ly Bicol ) 
means that this figure refers to €-system. And the dashed figure (for example 
yz, &) means that this’ figure expresses 1, 2, or 3. Further, we shall use the 
summation convention of the usual tensor calculus. 

Denoting the fundamental metric tensor in the Lorentz system by 


ght ghi =z; BO = pe 0 2 =f4—-—1, 
we have 
as=g,dx*dx'. 
Putting 
ax* ac 
gee en axt = twH=iuli lly Tr=er leds 
we have 
ds=y,,de"de 
and 


& ate oe 
Tih =0, ig e. 


..Raising and lowering suffices of 4 is made in the usual way of tensor calculus. 
Further one easily sees it to be unnecessary to distinguish between /*, and 4,5 
Ci: 

Using the above notation, the functional determinant” 


p= 3(a"2") 3 (2) 
A(St-S")  A(F) 


can be expressed as 
D=det(hi) =v —y 
where 
y=det (Fw). 


Now let us denote the field quantities defined in the Lorentz system (calling 
a-system for simplicity) as Q,(x) (A=1,2,---V). These may be spinors or 
tensors. The suffix 4 refers to a-system, 

Consider a physical system described by a Lagrange function 


L=L(Q4 Qu), O. p= O@a@) | 
Neill 0x* 
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Then the action integral is given by 
T= § L(dx)*= § DL} Q4, VE Qay.) § (as) 


A) oad 
Ory = 226A) (az) ade de ded 


as 
(as \i=ae"c Sle as. 


Putting 


we have 
Teeas (a6) = as) 
The field equations are given by 


or ae ) ae 
ee | OR —= =O) 
Tre 30, 3m 50.) % 


If we define 


pan 22 _ppaw pane aL _ yp, Ol 
OOaw CLO En OOa% 


then (1) can be written 


age OO4 
Introducing the Christoffel’s 3-index symbols 


Sy A,B q 
axes yee 


Z 
r= 2 = ph 
a5” as” 
(1) can be written as 
aP4™ 7h DAY __ aL Ss 


This form is invariant for the transformation of é-system (we shall call this 
€-transformation for simplicity), noticing that P*" is a contravariant vector for 
this transformation. Furthermore we can easily see that (1’) is Lorentz covariant. 

Next we shall consider the relationship between the field equations in the 
x-system and (1).- 
This is 

[€ }p,= Lhe, = D{ 24 9, (2 )}- 

O04 Ox BOan 7? 


Therefore [£],,=0 trivially implies [Z],,=0, and vice versa. 
Now we restrict the Lagrangian Z to be of the form 
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Pe "On,2On, +s C4*(Q) On nt On x64" Q)} +C(Q) (2) 


where C47,"=C"4:™" are constants. 
In this case, (1’) becomes 
GA (EN Ope e mein t oie J=0 4%» E) = C4. Seg 


where + (-++++++ ) expresses some function of Q4, Ory, and €*, but not of the 
second derivatives of OQ. If we put ¢(€)=O0 as a characteristic of the above 
partial differential equations, then the equation to be satished by ¢ is 


Feadct(S4") —0, S427 CAF BY (FE) Pry (3) 


according to the theory of partial differential equation. 

Now it is easily seen that / must be invariant for ¢-transformation. There- 
fore F depends only on the invariant combination 7*’¢,,¢,,. 

Further, from the very definition of 7, it must be a homogeneo s function of 
2N-th degree with regard to ¢,,. Therefore 


F=const. *'G*"¢,.9.)" 302 
That is, the equation of the characteristic runs as follows 
1’ Pm Pv=8 "Pu Pn=0. (4) 


This means that the characteristic of the field equation is a usual light cone, 
as the consequence of the assumption (2). 


§2. Transformation Group and Conservation Law. 


We shall now consider two types of transformation groups. 
i) Consider the following infinitesimal transformation. 
ata =a* + dat (5.1) 
Qa(4) > Qi(2") = Qa(4) +604 (2) (5.2) 
while & remains unaltered. In (5) x and 2’ represent the coordinate values of 
the same point referring to the a-systems before and after the transformation (5) 
respectively. In general we shall define two types of variation of any function 
P(x) as 
0@ (x) = 0' (2!) — O(x) 
0*O (x) = 0" (x) — A(x). 


In the former equation, 2’ and x correspond to the same world point, whereas, in 
the latter, the point x of M(x), and that of @'(x) differ in the following manner ; 
the new coordinate value of the former point is equal to the old coordinate value of 
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the latter point. Therefore in the latter equation (x) and (x) refer to two 
different points respectively. The relation of 6M and 06*@ is easily obtained from 
the definition 


aP ak 


¢ Fos 


0D =0*P+— 


and further we have the following formula 


gate Gd. 
ax* ax* 


Now we shall assume the action integral / to be invariant for the transforma- 
tion (5). In this case; if we take x as independent parameters, then ¢ becomes 
unnecessary and we have the following identity : 


o=|. (02 + +L OF) de vo \. orz + 4 _(Lax*)| (dz)'=0. 


By virtue of arbitrariness of the domain 2, it holds 


a*L + (Lax*)=0. (6) 
where 
aL = a *O,+ ae : 
(6) can be rewritten 
[Z]o,0*Out a \P#*3Q,— Tiax'}=0, (7) 
where , 
pata a T= P4*Q, OL. (8) 


Multiplying the both sides of (7) with D and using the identity 


#)==0, we obtain 


[2 ]o3*Oa + Se BOP8Qs— EtOa} =. (7) 
where 
Tt = DiTi. (9) 
On the other hand if we take ¢ as independent parameters, then 
at = al? (E) —2*(E) = 0% x" 
504= Oi #' 6) }- Oat 7) |= Oa) — Qa) = 
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where 


(in this case ds*=0). 

In the same way we have 
ans 
Sn 


D7 k 
Dig se Oe as 


: : , x 
(This represents that /4 is a contravariant vector for the transformation (5)). 
Then, from 


ar=| 58 (ds) '=0. 
a 
we obtain 04=0 instead of (6), that is 
, ae og 4 om 
08 == dO A ee +— d/k=0. 
50. BOnn Bam es 


This can be transformed into the form 


[e420 — Sa (e-) det (10) 
7% 
3 , ae 
— oe (qe NA 2: -dx* )==0, 
as" ee Olen 


ii) Next we consider the second type of infinitesimal transformation. 
Fea ow — Sh 4 OEM (11) 


while x* remains unaltered. Because of the definition of Q,, we have 6Q,=0. 
Therefore if we take ¢ as independent parameters, then we have 


0*O4=—Q, ,0e", O* * = — [hOS* 
’ ooc” 4 a aging 
p= — eat oR = — Sida). 


The third equation concerning 0/4 represents that 4, is a covariant vector for 
the transformation (11), 


Now we have introduced the ¢-system into the flat Space-time quite artificially. 
Hence any physical principle should not depend on the choice of ¢-system, 
Therefore for the change (LL) of the choice of system, we should have 


yi | E {arse 7: 5 (23"")| (a8)"=0, 


In the same way as (6) has been derived, we obtain 
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a 2 
O*g + — &@ Og =0, iD: 
where 


»_ of ae 
She dO. mee 
30, Ou a 8 ripe Oe ie 


(12) can be written as follows: 


2(2 aie Yass “as” — “. =| an OS™ te Tra} =o, (13) 


[X19 ,0*Qa+ 


where 
TL=MEL= BO", HE. 


Substituting (13) into the expression of dé/, and assuming that d¢ vanishes 
on the boundary hypersurface of “2, we obtain 


hate [Loar os - BF Vi hae (ey. 


Now taking into account that 62 can be taken arbitrarily inside 2, we can put 


Loy (eos Ve ‘ 
ag" \ ane HL £1, Qa (14) 
Substituting from (14) back into (13) we obtain 
ak 2 
Of ao *L=0. (15) 
a Oni. Jee 
Putting 
ak 
Mee + hy 
a ak 


and noticing that every derivatives of 0& of any rank can be taken as independent, 


we can derive the following identities from (15) 


fo 
that is 
__o2 i he 
Oni 
or 
ai =— Zh. (16) 


Therefore (14) becomes 
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as es Lo, Qae (14’) 


Substituting from these relations into (10), we shall obtain (7) again. 
If we make use of the field equation, we can obtain fiom (14) and (7) the 
following conservation laws. 


oi =0 (17) 
S 
9 1934¥9Q,—T#dx,} =0. (18) 


ocr 
Example 1. Translation group. 
This group is defined by d2*=e*=const., 6Q,=0, d§*=0. In this case (18) 
becomes 


0 
Bebe 
This is nothing but (17). Integrating this with (d¢)* we obtain the four constants 
of motion 
=| Shas aeati=/ Bide. (19) 
%0=const '6=const 


This is the energy-momentum four vector of the system considered. The vector 
character for the Lorentz transformation can be easily seen from the expression 


(19). 


Now some elementary calculations show 
Dik.dé = doy, (20) 


where do, is the element of the hypersurface €*=const. of which the components 
are given by 


do,=dx'didx do,s=dXdxdx' do,=dxdedx*? da=dxdx*dx. 
Therefore (19) can be transformed as follows : 


nee | T ido, (19) 


kOemconst 


This expression agrees with those given by Schwinger. 
Example 2. Lorentz group. 
This group is defined by 


o;*=0, Ox = a 


80.=— DI, mae Oe Dy masa Ds nm pecans: Sern 
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Substituting from these into (18), we obtain 


= =n | eee os ina — Sh tat Naga \ (0), (21) 


Integrating this with respect to (d@¢)*, we can obtain a constant antisymmetric 
tensor 


Fnn=\B°Di ma (s° tn Egy! te) \aé (22) 
'O=const 
where G34 — 934.0 
(22) may be written, using (20), as follows: 
Jun=|{P"DA nnn (Tatin= Tm) |, (23) 
€0=const 


This is the total angular momentum tensor of the system considered. 


Example 3. Consider the following infinitesimal transformation. 
é _ i 
dx*=0, 05*=0, 0Q4=C41(F, QO)’ + CELE, Q) a (24) 
5 


where A” (€)(Z=1, 2,---7) are 7 arbitrary functions of €. Now let us assume [ 
to be invariant for this transformation. Then from (7), it follows 


[ x Ig Card” = a ([ & Je ,Ca) a” oF al (G4"°Cy, + [ & Je,C ai) a” 


+B C1, |=, (25) 


Following the method of consideration by which we have derived the identities 
(14) and (15) from the original identity (13), we can derive from (24) the 
following identities provided that 4” vanishes on the boundary surface of integral 
domain 2, and also it can be taken completely arbitrarily inside 2 ; 


[£]}.,C4— 2{[£]o,Ch}=0, POETS 
og age 
and 
28 + on }=0 26 
ag™ a ogy ‘ (26) 
where 


Ri; — ae Cah + [ rs Je,C4 
iva SEC r 


(25) means that the WV field equations are not independent to exch other, but 
there are 7 functional relations like (25). From (26) we obti 1in an expression 
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{{(si--La e+ st oles 
Second 


which is constant with respect to ¢°. 


; ag A’ ara” 

‘Differentiating this with respect to €", and noticing that A" ‘Re and aes can 
qe considered as independent to each other, we get the following identities : 

4 (ai a 1° )=o. (27.1) 

de® as” 

=Ri+ git i (27.2) 

as” ae 
Ki =4Ci,=0. (27.3) 


(27.3) means that the /V-94 can not be considered to be independent. For this 
teason, we meet with some formal difficulties if we shall try to formulate the 
whole theory in Hamilton’s canonical formalism in which all the J” and Q, are 
to be taken as independent. 


§ 3. Quantum Theory of Fields. 


We shall consider in this paragraph those cases in which all the $* can be 
taken as independent. The exceptional case as in the example 3 of the preceding 
paragraph will be treated in the next paper. 

Let us postulate the following commutation relations (C.R.) on any hyper-— 
surface ¢°=const., : 


where 


Iw &), on€, &)]=—04G—) 8)" | 
! 

a(§—&) =0(G-€)a(F_&) a(S &). . 
All the other commutators are put equal to zero. . 
In order to show the equivalence of (28) with the ordinary C. R. referring to — 


any Lorentz system, we integrate (28) 


JOBE, OnE, &18e"=[[PM(2"), One) do= 108. 

'O=const tmconst 
This is equivalent to Schwinger’s expression. Now if we shall be able to show the 
invariance of (28) for any €-transformation, then we may prove the equivalence 
of (28) with the ordinary CR. by performing the &-transformation successively 
until the €-surface will coincide with the plane x°=const. The invariance of (28) 


for any infinitesimal ¢-transformation will be shown in the later part of this 
paragraph. 
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Now we take as the Hamiltonian of this system the following quasi<ity 


= > ° 34 
§=|9 ads ={ x 5a. 


—O=const §0=const 


Here we assume that the ambiguities of the orders of 8.and Q appearing in x! 

0. 
have been removed by the usual manner of symmetrization (making hermitian). 
The field equations are given by 


aA ; 
re [, 4] (29) 


where 4 is any function of $ and Q only, and does not depend on g explicitly. 
In our case where & has the restricted form (2), (29) formally agrees with those 
of the classical theory. It should be noticed that our Hamiltonian is not a 
constant of motion because it depends on é explicitly. 

Now our purpose in this paragraph is to establish the quantum formalism 
when the physical system is invariant for the transformation groups already 
stated in § 2. 

In the first place let us consider the transformation (5). In the classical 
theory we obtain a constant of motion from (18) 


G=|{¥0Q,— Ts") dé (30) 
€0=const 


provided that the field equations are satisfied. Next we shall investigate this 
constancy in the quantum theory. To do this, let us observe the following 


equations, 
i[G, Q4)=9Q4— O4,,02" 
B00 Te EOL ey a ap 046° : 
G By ee math) p24 ae Lao As*) + a (31 
16. 94,=—B" Oe OB) + Be ) 
where 


ME* = hdr". 
From the first equation of (31), we can put the following equation if #’s are 
indepeadent parameters , 
LG, QaJ=0* Qu. (31') 

But from this standpoint, dP** is given by 

6Pste=— 80x" pak PERE 00n , PA 904, (32) 

Ove 004 aa! 

(As to the orders of and Q, we assume the symmetrization procedure has been 
performed. Hereafter we shall always make this assumption if necessary). 
And then 
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O*YS tA = OYAY — ay 6x 43 
“ax* 


= DP Ong rn gi ap” ye : ‘oa 
a0" as” 


Therefore we can vet claim 


iG, oj=0 EA 
But from the equation 


meu ie yee 960p, ae = ade aie (34) 


Diins* P= 
(an) ae 90, ae” 


we can put 


i[G, Bh =2DA[G, P**]= Dige*P**. 


Combining this with (31) we obtain ; 
. é*f*=i|G, P*] . 
6*04=1[G, Q*] (35) 
where | 
P'= PA”, 


From this result we see that the generating operator for this transformation (5) 
is G when we take /*, Q" as independent field quantities, and x as rodeo 
parameters. Hence, if ‘4 is any function of P*, Q, and /4(+), then é*4 is given 
by. 


d*4=i[G, A]+ oa orl. (36) 


hi, 


Next we consider the transformation (11). If we put 


K =~ [riareat, (37) 
ee const 


then we can easily obtain the following relations : 
LA, Q1]= — Q4,05" (38.1) 
LK, B]= — 2 (ptaee) + Be SE ie (38.2) 
From (38.1), if we take € as independent parameters, we get 
i[K, O"]=0*Q". (38.1') 


In this case where € are independent parameters, O84" takes the following form: | 


OY. Ap — Aw a +B a. | 
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Hence we can put 


iLK, B]= 0" (38.2) 
Combining (38,1’) and (38.2’), we can claim for any quantity A=A($, Q, Mh) 
the following relation 


i*A=i[K, A]+ af EDK, (39) 


Bh 

From this result we know that the generating operator for this transformation 
(11) is K when we take J", Q4 as independent field quantities and € as inde- 
pendent parameters. 


Now, in the special case where 0S*=e"=const. we get the following relations 
from (39) : 


WA OAK | (ae ree 
ame Toa ee A| ay 
~O=const 
Especially if we put #=0, then (40) is a generalization of (29) itself. 
In the same way, if we put d2* in G equal to e* and 004=0, then G 
becomes as follows: 


G=—¢),= —e* \siae 


¢0=const 
and (36) is transformed into 
pee aA 
= i[f,A]+—. 41 
2A = Ala (41) 


Now (35) and (88’) can be transformed into forms of unitary transformation. 
That is, in (35), we can defire an unitary operator U as follows: 
ON Se Ae 
because of the hermitian character of G which is possible in most cases. Making 
use of this U, (35) is transformed into the form 
P44 (4) =UP*(4)U™ 
; OA Co Gad C2) ome 
In the case of (38’), K should be used instead of G. 
From these expressions it can be easily shown that the C.R (28) is invariant 
for any infinitesimal €-transformation. 
£9 


Our next task is to prove the constancy of G with respect to s. 
consider any quantity A= A(/, Q). From the formula 


Let us 
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we get the following relations 


( d ye ge @)a=i|& A|=0, 
rie a ge at 


r 


where we have made use of (41) and the fact that 7, does not depend on # ex- 
plicitly. From the above result we obtain 


dax® ae ax* 


dG dG =/h dG _o (42) 


This means that G is a constant of motion, and at the same time expresses the 
invariancy of G for any ¢-transformation. 

Next let us investigate this situation about A. In this case we know also 
the same relation 


d o*A= gxtA 
aé* ae* 


for an arbitrary function A= A($, Q) if we take B, Q as independent field quantities 
and € as independent parameters. Following the same line of reasoning as in 
the previous case, we can derive the relation 


Sh ghd in ee I/dK “¢ 
(05 gett 4=—i| (Fa), 4|-o, 


where 
h=s\ Cia 


and d*/, expresses the variation of /, by virtue of its explicit dependence on &. 
From the above result, we get 


dK _s 
ee (43) 


In particular, for pu=0, (43) becomes 


ak 9 ° — 
RTT (43) 


that is A is not a constant of motion as easily seen. Further we can see that 
is not a constant as was already stated, because © is a special example for XK. 

Now we can show the covariance of the field equation (29) for any §&-trans- 
formation if we make use of (43’). The transformation character of © for ¢- 
transformation (11) is given by 


HF") H () =H) + [AGH] 43S (44) 


using the general formula (39). And an arbitrary quantity A = A($, Q) is 
transformed by (11) as follows: 
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A(f, Q) AB’, O')=UAB, Q)U MSHA"). 


Taking notice of the definition for U, we can calculate dA’/d5° in the following 
manner 


dA S/dk mater Oe 
ye [(Z+8 + LK, 51), A | 


Substituting from (44) and (43’) into the above result we get 


dA’ _{§'(@), 4’) 


as" 


In conclusion we see as stated above that the quantum theory of fields can 
be formulated in a covariant form for any €-transformation and Lorentz transfor- 
mation. 

We have been so far assuming the hypersurface €°=const. to be-space-like. 
But we want to make a few remarks about this assumption. Coatrary to the 
assumption mentioned above, let us assume the hypersurface ¢ on which £. isva 
constant to be time like.” Then we know from (28) that $$(A) and Q(#) are 
commutative with each other, if A and Z@ are two world points.on o (see Fig. Le 


&o=const 


Fig. 1. 
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Consider a light cone having the point A as its vertex and also an arbitrary 
space-like surface S containing the point 2B. Vet us call the intersection between 
the above light cone and the surface S by C. Remembering that the characteristic 
of the field equations is a usual light cone, (A) and Q(A) are functional of $ 
and Q on and inside of C. Hence from [Q(A), Q(2)]=9, QO(4) becomes com- 
mutative with 9§ and Q on and inside of C. Especially Q(2) becomes com- 
mutative with $$(2) contradicting to the postulates (28). But if we assume the 
surface ao to be space-like, then this contradiction disappears as easily seen. 
Therefore the necessity of the space-like character of the surface @ is not clear 
a priori but results from the field equations. 


§ 4, Super-many Time Theory. 


Although we can show the covariance of the field equations for any €- 
transformation, it is not easy to see at a glance their covariant character because 
of the complication of the behavior of for this transformation. To make clear 
this covariance it is useful to reformulate the whole theory in the form of super- 
many time theory. 

For this purpose we restrict the €-transformation in the following manner: 
€* is unaltered, while €° is infinitesimally changed at the neighbourhood of the 
world point / on the surface ¢ on which €’=C=const. That is, let us consider 
the infinitesimal transformation 


82°(€) =2(2) a(€—E,) 


where 4 is an infinitesimal function of €. 
Corresponding to this, dja* is given by 


dpa*($) = — Ut (6)a(8)8E—E,). 


Consider another transformation of the same nature at a second world point Q 
on @ which is given by 


ag'(€) =1' (€)a(E—E,). 
Then the following relation is obtained by some elementary calculations : 
(B05 —I}d8)a*E)= 14, E)AE—E, 9 E—F) (MORES — KO IE) . 
Os" as" 


; j , . 
Hence if we assume that 2 and 2’ are independent on € near the surface a, then 
all these transformations constitute a commutative group. 


Now the generating operator A corresponding to these transformations is 
given by 


hs ~ a 0 ~ 
K(P)=—Bidrds) p= — = » Dde"de) ». 
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rr . 
bon) fail} 


If we choose 62" to be negative or zero everywhere on a, then —D0d5"¢F), is 


5 6 oe af 
a four dimensional positive volume element dw* at P spanned by és" and ds. 
Hence A(P) is written as follows: 


d 
K(P) =2i.dw'),=H (P) dw. 
D 


a= 
-——= 


Now let us call the transformed ‘ aR fa §/5=C 


surface a’, on which the value 
of €” is equal to that of é" on 
Bw, 1.€. ENC, 

Then it should be noticed 
that the surface oa’ 


t8/= 664+ 6f5=C— Jabs} 
juts out 


Fig. 2 


towards the future near the point 
P as compared with @ On account of our choice for &¢°. (cf. Fig. 2? 


> 


Let us integrate Q,(¢) over the surface « with regard to d&, keeping the 
value of €" to be always equal to C, then this integrated quantity can be con- 
sidered as a functional of 6. Hence we can put 


O1a)=| Ou. B=C)a 


Then for the transformation considered above, the following relation is derived by 
virtue of (38.1’) ; 


O1o | O,{¢] a 2 (Gay = C) dé! — \Q. é, = ¢) We 
=| 30.8, f= C)de=i dwi{A(P), Ola]: 


Dividing the both sides of this equation with dw") p and recalling the definition 


of functional derivatives, we can put 


22d 7) i H1( P), Oe}. 


feo 


In quite the same way, we get the following equation for 4[o] ; 


Wel iAP), $4[o]]. 


In general, it holds 


3A _ i[H(P), Al + ge (45) 


06 p Oop 


where A is any function of Yo] and Qf] and may depend on @ in some cases, 
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and 84/80 p is the variation of A due to its explicit dependence on o. 
Now since our transformations are commutative, the following relation must 


be satisfied ; 
aA, Ee rae ak 


60,00, 00,00; 


Hence, substituting (45) into this equation and making use of Jacobi’s 


identity, we get 


Hae see —i[1(Q), HY}, 4]=0 


oa P O09 


provided that A is independent on @ explicitly. This means 


oH(P) _6H(Q) 


009 Od p 


=i[H(P), H(Q)]}. (46) 


Thus we have obtained two types of the field equations. The relation of 
these two types can be easily shown as below. From the definition of é* we can 
write 0Q/da in the following form : 


80d 2) — Bin | d*O ders Bas) : 
0a p avp>0 Az, Jo D 396 /r 


On the other hand it holds that 
iH(P), Ole =i[8, Q4(P)] (47) 
RP 


on account of the fact that does not contain the derivatives of $B. 
Hence from (45) we get 


dO 
20 


)—11§, 2418]. 


As to ¥“, the equality like (47) does not hold, because § contains ‘the 
derivatives of QO. That is, 


([A(?), “(l= aa ; 


where. ¥ is to be considered as a function of Q.4 and Y*. Contrary to the case 
of Q, it holds that 


a 


06 p ig as* 


where we have made use of the assumption that d2° is independent on €°. Com- 
bining the above two results, we get 
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a8) _i1%, BA). 


=0 
> 


Our, last task in this paragraph is to rewrite. the expression H(P). Let us 
denote by 2, the &-th component of a unit normal of the surface ¢ at P towards 
future direction. Then , is given by 


he 


hi Pe Oy rag a 
VV —yrod 


The minus sign of the right hand side corresponds to our choice of the ¢-system.’” 
If the €-system is orthogonal, (at least near the surface a) i.e. 


psi 
r* °=755=0, 


then we can put 
14= — > = S/S —rid 3 


Hence A(P) can be transformed into the following form ; 
x , 
ARs =) = T= —nwTy. (48) 


§5. Interaction Representation. 
Consider a system of many fields interacting with each other and assume 
of this system to have the following form: 
H=FP+V (49) 


where H° corresponds to a sum of Hamiltonians of each field without interactions, 
and I” to a deasity of interaction energy between these fields. 
Now we consider the following transformation for any quantity A[o] 


A{a|—> A[o]=9 [2] A[4]UL2] 


where U[o] is a unitary operator and a functional of «. (In this section any 
field quantity of Heisenberg picture will be denoted by a bold face letter). 
If we take such U[e] as to satisfy the following equation 


; lel yo] = VP, 0) =UlaV(p)U-To], (50) 


then we get the following equation 


8Ala] _st778, Afo]]. (51) 


00 p 


These A’s are called as the interaction representation of A. 
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Here we must investigate the integrability of (51). Differeatiate H"(P) by 


a ata pomt Oy we get 


A Awad) 
ary ve eas Aes ets 


00 069 
tre = up| +0 ag i[ ITe HT} | RUE hu 
a) FQ 


1c 
elTp ( CH, Las ae 
N =U s U 
Interchanging P and Q and subtracting one from the other we obtain 
° ° 
OlTp _ 0) 
NX 


009 06,. 


: of ON pn 80g \57—5 roy 
a USES Fa|—O = ey ~ U : (52) 
009 o P 
If we make the interaction parameters tend to zero we obtain 
° ° 
oli; 6H, 
75 Gate _ 
009 OG p 


=i[ 772, He]. (53) 


HIence the ee part of (52) runs as follows : 


‘ (ar oi = i[Vr, Vo)+i[Vr, He) +ilAe, Ve), (54) 
day Od p 


because the C. R. is independent whether the interaction parameters are zero or 
not hence (52) also holds when these parameters do not vanish. 
If we take into account the following relation 


ol — ita, v,) rush om, 


00» day 


we obtain, the following equation from (54) 


NY coal \ T) Vy). (: . ) 
Od” Rrast 


(55) is the integrability condition of (59), and (53) is that of (51). 
Next we introduce a new quantity Al, a] by the following equation 


A (5) Als, og] =U[a]A(S)U [a]. (56) 
If a point P is apait from the point Q having coordinates €, then 
OA Sy “4 ,’ = 
Ale) = ir, A[F, ¢]]=0. (57) 
Tp 


On the contrary, if P is in the neighbourhood of Oz (57) does not in general 
vanish. This means that Als, a] depends on the form of @ at the point Q. 
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Now (50) can be transformed into an integral equation as follows: 
isl 1-i| VIE, of Wo" (ae!) (8) 


where o° is a fixed surface and U[a] is taken to be unity as o@ coincides with a, 
Further the point €’ is taken to lie on o’. From (58) the change of U cor- 
responding to a change of the value C of ¢ at the surface @ is determined by 
the following equation 


ae —i[DVis, &2C aldé-U[al. (58’) 
gO=C 
In (58’), the surface o contained in U and V is not deformed, but translated 
towards the direction for which €° increases keeping the form of o's unaltered. 
From this standpoint, U can be considered as a function of €° rather than a 
functional of ¢. Further from the same standpoint, A[é,o] can be considered as 


a function of (€,€°) only. Then the differential equation satisfied by the A(¢) 
runs as follows: 
QA(E) ir & 
ga) )—i[§°, AQ}. (59) 
as 
Next we denote the state function in Heisenberg picture by @, and that of 
interaction representation by ¥[¢], the relation of these is given by 


P[o|=U[a]9,. (60) 


And the generalized Schroedinger equation is derived from (50) as follows: 


2¥ le) _ yp, ol¥[o}. (61) 


op 
The condition of integrability is satisfied on account of (5D). 


In conclusion, the author wishes to express his sincere thanks to Prof. K. 


Husimi for his kind guidance and encouragement. 
(to be continued) 
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Here we assume the 4 field equations to be functionally independent to each other. 
L. Rosenfeld ; Ann. d. Phys. 5 (1930), 113. 

K. Ilusimi; Buturi-gaku Kéyensyf IV. 81. (in Japanese). 
The hyper-surface &%=const. is assumed to be space-like. 
be discussed in § 3. 

04 /aeu means derivative of 4 due to its explicit dependence on &. 


hereafter. 
We assume that 4 may be a function of 8, Q and the derivatives of these with regard to ge 


The necessity of this condition will 


This notation will be used 


but must not contain the derivatives about 9°. 

It is unnecessary to consider such a case in which the surface £9—const. is partially space-like, 
and at the same time time-like in another part on account of footnote. (8). 

We take the direction for which go increases to coincide with that of x°, hence x and Ae are 
positive. 

In this case, the independent field quantities are ® and Q as already stated in § 3. 

Strictly speaking, we know only (056% 558% )4=0. If we make use of this relation, and 
further of the assumption that ago bee ilerokel on §°, then we can obtain the com- 
mutativity of functional derivatives. 
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§ 1. Introduction. 


In order to see if the idea of mass and charge renormalizations is applicable 
to the cases of several particles interacting with each other, the second order 
radiative corrections to the proper life of meson or to the f-decay probabilities 
of nuclei have been investigated. The results for the first case are reported here 
and those for the other: will appear in the succeeding paper. 

According to the Yukawa model, a charged meson decays spontaneously into 
an electron and a neutrino at a certain rate, Wp, through the direct interaction 
among them. This process is unavoidably accompanied by a sudden acceleration 
of a unit electronic charge, which, according to the classical electrodynamics, 
causes emission of electromagnetic waves, whose intensities distribute almost 
uniformly over the spectral regions from zero frequency up to a certain upper 
limit.” Quantum-mechanically interpreted, this implies that the rate, 0,7, of 
meson decay that is accompanied by real photoa emission diverges in the infrared 
region an infrared catastrophe (Feer”). 

According to a general consideration”, such as by Bloch and Nordsieck, the 
infrared divergence of d,w can be cancelled by that of the other radiative correc- 
tion to the rate of radiationless decay, 9,2, which is due to the emission and 
reabsorption of virtual photons. This correction, however, brings in an ultraviolet 
divergence owing to the infinite degrees of freedom of high frequency photons, 
It is shown that the ultraviolet divergeace encountered by dw can be removed, 
for the most part, by virtue of the mass renormalizations, and the remaining 
part with the aid of the renormalization of coupling constant, §, between the 
meson and electron-neutrino felds. The state of affairs is similar to that in the 
well-known problem of the radiative correction for electron scattering. 

The calculation is performed with the use of the method of contact transform- 
ation in the covariant formalism developed by Tomonaga”, Schwinger”, Dyson”, 


and Feynman”. 
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For simplicity, the case of scalar meson coupling with electron-neutrino fields 
through the Hamiltonian of scalar type is treated, the neutrino mass being assumed 
to be zero. The result obtained is applicable directly to a-# decay, but some 


modifications are necessary in applying it to the decay of #-mesoa, as two neutrinos 
seem to be emitted simultaneously in this case. 
§ 2. Formulation. 


In the covariant formilism, our system is described by the generalized 
Schrédinger equation of the form 


A Qealiepepis 9 
[4 +V(@) inop fT =0 (2.1) 
where H(x) and V(x) denote the Hamiltonians which account respectively for 
the interaction of the radiation field with the electron and the meson, and for the 
coupling between meson and electron-neutrino fields. 

Let u(x), ¢(%) and g(%) denote the wave functions of meson, electron and 
neutrino in this order, ~*(x), ¢(%) and ¢(%) their Hermitic conjugate or adjoint 
operators, then V(z) is given by 


V(x) =8 (9 (4) $ (4 )u(2) +u* (x) $(2) ¢(4)) (2.2) 
with g as the coupling constant. 


According to Koba, Tati and Tomonaga,® the interaction Hamiltonian between 
the electron and radiation fields is given by 


H( x) =ied, (x) $(2)7ru9(2) (2.3) 


while, following Kanesawa and Tomonaga,® that between the meson and radiation 
fields by 


HA *) = HX (2) + HO (2), 
with Fin (4) =te Ay(a)u* (x) yu(2) (2.4) 
and Hy (4) =e (Oyv+ VN) Ay( 2) A, (x) u*(x)u(x), 


where /V, is the normal at the point x on the surface a, A,(#) denotes the 4- 
potential of the radiation fields, and it is understood that 


u* (x) Lu (r)=u* (x) au (x) — (O,u* (x) u(x). (2.5) 


Hence 


A(x)=H.(x) +H, (x) —3m P(x) p(x) — 82 u* (x)u(x), (2.6) 


where the counter-self-energy terms are already included in order t'iat we may 


start fiom the stage in which the mass renormelizations have been done for 
electron and meson (See Appendix). 
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The wave functions are subjected to the wave equations for free fields, and 
to the usual ordan-Pauli’s commutation relations, of which the mass parameters 
are to be regarded as the observed ones. 

With the Schwinger’s formula on the transition probability” applied to our 
problem, the proper life of the meson inclusive of the radiative corrections is, to 
the g* approximation, given by the inverse of 


ae |e { (ax’) (1| V8) V(x) |1), (2.7) 
where V’,(%) is constructed in accordance with 
V A(x) = S[0]S“[o] V(x) S[o] (2.8) 


with the aid of the unitary transformation function S{e], which is a solution of 
the equation 


{H(2) E joo | s[o]=0, (2.9) 


da(#) 
subjected to the initial condition 
S[—o]=1, (2.10) 


the bracket (1| |1) denotes the diagonal matrix element with respect to the 
initial state, and the x integration is to be taken over the whole three dimensional 
surface perpendicular to the time axis of the reference system in which the meson 
before decay is at rest, while the x’ integration over the whole four-dimensional 
space-time. 

V,(x) is expressed in ascending powers of ¢ as 


V(x) =V(2) 4 VEO) 4+ VP) + (2.E1) 


with 
VP (2)=—i| x PV), HE) +H) 
= ieg u(x) 92) { (de) Sea Yih) An) 
~ieg g(x) (x) { (d2!)4. (ex uu’) AC) 
+ con}. (2.12) 
VO(x) = —i| (dx!) P(V(2), HO (2) — bmg (a! yp a’) — dxu* (2) 


+{—)"| (ax!) [de PU) HA) + BP) HL) OY) 
(2.13) 
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where P( _ )’s déhote the Dyson’s brackets.” 
To the e? apptoximation, the total rate of meson decay w can now be split 


into three parts as 


W= Wy + Oy + Ow (2.14) 
with 
be | dx \ (az!) (1|V(2) V2) |), (2.15) 
aw= | ax | 42) |V@)VP@)+VP*@)VE@ID, 16) 
and 


Bco={ ax | (da’) AVS" (2) VC"), (2.17) 


where zw, represents the rate of meson decay without radiative corrections, and 
6,w describes the correction to the rate of radiationless decay due to the virtual 
photon processes, while 0,7 accounts for decay that is accompanied by single 
photon emission. 

Extracting from V(x), with the aid of the Dyson’s rules, the part which 
gives contribution to d,w, one may replace V(x) in (2.16) by 


< VP (4) > =eB (A) ¥'? (e)u(a) +38) (@)u'? (4) +9(4) KG) 42) ] 


(2.18) 
with 
(x) =| (da")S, (x= 2") fiet{ de! Wry, 27 ah(2”)D. (2 = 2") — dmx), 
(2.19) 


(2) =| (dz!) 4, (x—2'){2°u() 


+18 | (del), (2) Ty 482 —2") Jue") D2}, 


(2.20) 
and 
K[p(x)u(x)] 
= ~ie( (dx!) | (de) S, (x= 2p (2) D, (2! — 2") +d, (2 —2"") Mu"). 
(2.21) 


These integrals are evaluated with the substitution of the following Fourier 
integral representations for D,-functions, 


“i LAS etk= 
Deas { (ae) Pan 
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Ba) at (ty p—m) ec?” ¢ 
Se = d, : 2,22 
(z) seul p) Rupe esp (2,22) 
1 ee 
d a = SESE eee 


in which and x are the masses respectively of electron and of meson, and the 
limit ¢——~> +0 is understood. 
According to Dyson,” (x) can be transformed to the momentum integral 


Y/ (x)=—Z° | @) _TP=™ _ ir p+ me"), (2.23) 
pr+m—tzeE 

where ¢() is the Fourier amplitude of (+), satisfying (¢7p+m)$(p) =0. 

Though this expression is indeterminate between 0 and Z¢(x) according as 

(i7p+m) is operated on the right or on the left, ¢/°(%) should be renormalized 

as 


p/° (2) = Z9(2) (2.24) 


so as to reserve the unitarity of S matrix. 
The second order renormalization factor Z® is evaluated by Karplus and 
Kroll as follows. 


elie ee 2m? (2—-2u—u") 
Zz | du\ db 2.25 
(Qn) Jo- OO erg ere Py oe 


or with the & and x integrations performed, 


7% =< —_| log m Viggo Vist 4 _ |, (2.26) 
(27)? J na ae | m 8 
k, and &, representing respectively the lower and the upper cut-off frequencies 
of virtual photons. 
In a similar way, «’(x) can be expressed in terms of the Fourier integrals 
as 
eid 1 
_— (¢° +) u(q) { cae) au: 
G+x--te ) 


We nen e, 
ul (x) =— 5, |(ae) 


ee 2 +3u(1—0) (7+ *), 
(2 +0? +u(1—«) (g° +2") —z€)° 


Y2—u) kt (Abe) ee +2n— O—WEF®) 1, (2.27) 
(24x10 +u(l—wo(g+*) 2 €)" 


ay { do -2x°u(1—2) 
J0 


which also is indeterminate between 0 and Yu (+) with 


te Pa { (3-2) H+ u(1—2x) (4—3u) sy Ge he) 
(27)? jw \, (+x? —i€)* (BF xe)" 


yox 
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2 ; Je 2 1 
= if flog 3 + log Fat Vhote +o}, (2.28) 
(27)? Qh x 8 


since the factor (g?4+) operating on u(g) gives 0, while operating on 
1/(¢+x—ze) gives 1. But, on the same reason as before, one must take 


we = 5 V?u(4). (2.29) 


Inserting (2.22) into (2.21), and performing the +’, x”, p and g integrations, 


we have 


ak. [o(4)u(«) J=— earl (dk) [adil ao. 


Pa —2(1—1) (nb 42 wal) am A Soak Fae Sd (P@)x(4)), 
(2 42u*—i€)? 


(2.30) 
‘itll zal ene + 3 ely, (2.31) 
With the 4 and z integrations performed, (2.30) becomes 
KG) UAMIKHO.7 HE), (2.32) 
with — Z(0,78)= flogtat Vea +0 + Jog tat VE+E 
rc 7)? m x 


— (mi! +2°—1)(log 2" + LQ) +2 Oe) 


+2 ine —mecoy (82 + 02D)eracy +F(0))}, 


(2.33) 
‘where 
FQ) =| do 
a | ro 
and 
fe a ee 
Sie [doe log =. (2.34) 
a1, 22 xm 


As will be shown later, for the purpose of evaluating d,z, the whole expression 
Z((1,70) is unnecessary, but 


£(0,0 =o, Rat ee Kot me Ret VB +E ot +208 ; 
0) = Fone - + log 4e ee ee 
log ¥xm ae ae! ? ne a x + Ruet 2.35 
2k, 2 PA nt? x —m’*)* ee | Ne 
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suffices. In deriving (2.35) from (2.33), the relations 


EMO eos 
= HT 77 
| 2 (€4m, x 
£,(0)= 5 5 ( eens log *—2), (2.36) 
x —710- x — 770" VW" 
and 
G(0) =0 


have been used. 


§ 3. Decay Probabilities. 


For definiteness we assume the meson considered to be of positive electric 
charge. 
Let us first evaluate z,. In accordance with (2.2) and (2.15), we have 


coum? fax | (de!) Loe" GC) 9B O61). (3.1). 
‘of which the matrix element can be factorized into 


— (1]u* (x) u(2")|1) S [SO (4—2) SO (#2) ] (3.2) 


with the use of the relations on the vacuum values 


ae . fe 1 . 9 in(z—2z!l 
< P(e!) >= ISG =— Beal (aNGryaeee™ 
a ry 


and 


< P(x) $,(2’) >= 7S (H — 4) = eo (a) (i7p — 1m) ad (P+ 00 er. 
My 0 , 


Let GeO, 0; 0572) denote the 4-momentum of the meson considered, then 
(1 foe (x wea") |1) = C1 lee (g)1e(g) [Lee (3.4) 


where w*(g) and w(g) are the Kourier amplitudes of #*(4) and u(x).* The 


matrix element of 7*(g)z(g) can be determined by virtue of the relation which 


states that there exists the positive meson at rest: 


(=—2t \ ax(1|—ieu* (ge Me™ (9) |) =2exV,(1\u*(g)u(g)|1), (3.5) 


where V7, represents the volume of the whole three dimensional space. [ence 
1 ; ap 
(1 \2* (4 )u(a’) |1) = Tar PS salable (3.6) 
' aX», ' i 
Inseiting (3.2) and (3.6) into (3.1), and performing the r iitegrationy Wwe? 


get 
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ray — © (dso SS — 2) SAL) (3.7) 
2k 


which, after the 2’ integration with the use of the Fourier representations of 


SO(—2') and Paige becomes 
aaa cat, Ww), (dr)8(g—r+ P3773 (f° +10"). 
SLrp—m)7)], (3.8) 


where —f and r may be interpreted as the 4-momenta of the decay products, | 
respectively of a pusitron and of a neutrino, and the factor d(g—r+) describes 


the energy-momentum conservation. 
Performing the # and 7 integrations, we obtain 


Wy iF ay Eaten BS 3.9 

“ 4n 9 Gm 
Next, we evaluate 0,w, which is, according to (2.16), (2.18), (2.24), (2.27) 

and (2.30), given by 


3,00 = @x\ (dx’) (I(x) < V2(x) > + < VE(X) > V(2")IL) (8.10) 


with 


52° +L(O, 18) | (au (2)) + eon). (3.11) 


< PP (2) > =e 9 (2) {5 VO+ 
In this expression the operator [] means, properly speaking, minus the norm of 
the sum of the 4-momenta of meson and of electron, which, however, may as 
well be reinterpreted as that of the 4-momentum of neutrino by taking account 
of the energy-momentum conservation which is satisfied in the real transition, and 
vanishes owing to the assumption of the null neutrino mass. Similarly one may 
put (7d) =O in (3.11) for the purpose of evi iluating dj. Thus (3.10) reduces to 


d.w={¥"4Z422(0,0) } d°x{ (d’) QV) PQ) |), (3.12) 


from which, remembering (2.15), (2.24), (2.26), and (2.32), we obtain 


Ogee! c oe ek Ae ke 2h ayy? 2 met 
we = St“ log at ete (Stee g*,—2)I vam 
ty (Qer)?\Q>* x x°— 93° i ne “8 2hy 
1 ¢4 x em xr) Dy Pia oF 
ne Oreo | blade Sie +} 
4X—m ~m (k —m’) bee 3 2 en? 4 oe 


Finally we must evaluate 8,20 in accordance with (2.12) and (2.17). The ~ 


method of calculation is similar to the case of ww). The intermediate results 
obtained by performing the coordinate space integrations is 
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im eC . 9 ° \ N/.9\ Q 
Soe se f ma iz () \e (ar) OR) dp + m2) 3°) (p+ g—k—1) 


, , "t . = 
ieee (ir (2-4) —) 14 7p — ™) 7. (P—4) —) (irr) 
2 ‘+ p—m) ix (29—h) irl p—k) —:; > 
(pad im) (GLb eel 1 CoB) OD —™) 19) 


. 1 
——_—__—,, (29—4)°S, Gre —m) Grr , 3.14 
(Q— 0 +2) gues 
where /, —f, and r represent the 4-momenta of respectively the photon, positron, 
and neutrino. In the derivation of this expression, the formula on the vacuum 
expectation value of 4,(+)4,(4’), 


i 


< Ay (2) Av(2’) > = 45D Gia ah) a= (27)?° 


ys (dh) 82) c#-*, (3.15) 
hy>e 


has been used. 
After performing the integrations over the directions of the momenta, we get 


b,w=| Fw (2) dk, (3.16) 
0 
with . 
ag (4) ah met {( - = sid ar - 9 os a 9 log lead cai 
e—m — mm (x —m")” m 
Qxk xk? ak 
De nee ey 27 
i (x°—m*) (x— 24) k ( ) 


k representing the photon frequency. 

w(k)dk describes the spectral rate of meson decay that is accompanied by 
the emission of a photon of frequency between & and £4+dz. Consequently the 
spectral intensity of the radiation emitted in the decay is given by w(4) kde. 

As a measure of the magnitude of the rate of radiative decay, let us estimate, 
following Feer”, the ratio of the mean energy emitted in radiation per unit time 
to the mean energy available for the process per unit time, which is essentially 
the rate of radiationless decay times the meson rest energy %%: 


R= [Pe eea 
0 Wy 


x 
tol (ee Bars naetiliesene” os ake mn)* UA oat a ae 
Se ABT \WNxt= we 32x 4xt+-m 12 x(#?—m’) 6 (2—nt)*) am 
Peedi 2x°—xm+n0 _ I x(x—2m) , I os atid (3.18) 


ie 2x (x +72) 36 (x4+m)° 6 (x°—m*)? 
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(0.81% for x =200m, (3.19) 
=| 0.290% for x =286, m=210 electron mass, (3.20) 


of which the latter is applicable to the 7—y decay. 
Performing the momentum integrations of (3.14), we obtain 


9 9 0.415 O42 es 8 2 
0,70 Ne Ts {( e+ Man 1a x _9 ) los 2 W1 ae Dx + =x 2 (x ee log a 
= 2 5) on DB e.8 = > a7 7 fais = ° 
2 (27)? eae me 2h, 8(e— nt) ut 
416x892 —3 1 x79927 4 28200 Fey por mm \" - 
(Milan atent 280 Fm SVL aan 
S (2 — ue)? C—m n=) 1 x 


On comparing this expression with (3.13), it will be observed that the in- 
frared divergence encountered by d,zv can be exactly cancelled by that occurring in 
bw. It is to be noticed here the second order renormalization factors 1° and 
4 of the wave functions are indispensable for the perfect cancellation of the in- 
frared catastrophe. 

dv involves an ultraviolet divergence, which has not its origin in the elec- 
tromagnetic masses because the mass renormalizations are already performed. 
In order to get a finite radiative correction to the proper life of meson, this 
divergence must be removed. The removal of this divergence may be attained 


with the aid of the renormalization of g, for instance, by reinterpreting, 


(3.22) 


Rat iy =) 


e 
ga=e(1 7, PS 


as the observed coupling constant between meson and electron-neutrino fields. The 
& renormalization, however, can not be uniquely determined, for one may as well 


: 1 : : 
push finite terms of 9 dé. by an arbitrary amount into the observed g. There 


is no criterion to determine how much of the finite terms of iba »7” should be 
2 

amalgamated, in the retinue of the divergent term, into gy, in contrast to the 

case of the charge renormalization. 


If ¢ is renormalized provisionally in accordance with (3.22), the total specific 
radiative correction to the rate of meson becomes 


Ow+ow — & P+ on? eae’ x—m 
ioe Paes ae 5 » » » log ° <<" log PF eae 
lp (222A €— 72 me V xi 
4 a o ° 
— Axt 2x44 x22" —2a' _— x 4 21x — 16x" 972 —3 1x29? + 28x — Agyy! 
a <2 ee = : 
8 (=m?) me 8 (e—m?*)?* 
| a ee | . 
» 9 5 ee ae ’ (3.23) 
4 x — my? nar 97? x 


which is simplified to 


Radiative Corrections to Decay Processes. I. 469 


Ow + d,w 1 | ( Sonia cigotowas 
go igen ME cere a log 1) vil dala | , nt 
7 137x Aig ayrhignes ¢ (x>m) (3.24) 


in case where x>m, and is estimated as 


d,zv + 0,w = 5.0% for 300m, 
4.1% for 200m. 


Wy 


The expression (2.23) holds also for the 7—y decay, provided that the 7 
and p» mesons obey respectively the Klein-Gordon and the Dirac equations. The 
numerical value for this case amounts to 


(20 + 6,zv) /7y= —0.42% (3.26) 


with the masses of the 7 and ys mesons as respectively 286 and 210 times the 
electron mass. 


Appendix. 


In this section we shall make a remark on the renormalization of the meson 
mass. 

According to Baba and Kanesawa,” the self-energy operator of the scalar 
meson does not reduce to the fo1m 


Ox u*(x)u(a), (A. 1) 
but contains an extra term, 
A,L,(#) = —A,(Opu* (4) -Oym (a) +2" * Eaves, (A. 2) 


proportional to the Lagrangian of the free meson field with a logarithmically 
divergent coefficient A,, if it is defined by the one particle part of the operator 


— 2) Ga) (HO@), HOG)]+ HEC), (A. 3) 
5 
which is the analogue of the definition used by Tati and Tomonaga” and by 
Schwinger” for derivation of the self-energy operator of electron 


Omyp (x) (4). (A. 4) 


The term of the form (A. 2) destroys the integrability of the generalized 
Schrédinger equation (2.1), af it is added, with its sign reversed, to the Hamil- 
tonian #,,(%) as a counter-self-energy term. To avoid this difficulty, Baba and 
Kanesawa propose the modification of the Lagrangian of the meson field. 

It is, however, not only preferable but feasible to perfom the self-consistent 
subtraction of the divergent self-energy without the aid of the Lagrangian renor- 
malization which will make computations of higher order effects much cumbersome. 


For this purpose, we have only to take 


—dx'u* (4) u(4) (A. 5) 
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as the counter-self-energy term, as in (2.6) of the text, discardirg the term A,: 
Z,(x), which gives no contribution to the expectation value of the self-energy 
but otherwise harmful to the integrability of the generalized Schrédinger equation. 

It can be shown that the omission of the term 4, Z,(x) from the counter- 
self-energy term introduces nothing wrong with the radiative corrections. 

As a typical example, let us examine the steadiness of the one meson state. 
For this purpose we construct the one meson part of the S matrix, which, to the 
¢ approximation, reads 


<S[0o}> »=1—7 § (dr) | —dx'u* (x) u (2) 
—ic?s (dx!) u* (x) (1,4, (4— 4°) Ty! + buy O(e— 2’) )e(2’) -D, (x2) }. (A. 6) 
The second term in the bracket of this expression is just the same operator 


as that defined by the one particle part of (A. 3), and in fact, with the 2’ in- 
tegration performed, takes the form 


Ox'u* (x) u(x) +AL,(2), (A. 7) 
with dx°= —3iD, (0) +242 
and A= - “ Kczaa dy An) BvD) 
(@n)é » (E4212 —1€)? 
_€ {Ss , AVE Pe 1 
oa a geet Mtns TE, Nan TE, Some 
Ertan ese ak (A.8) 
whence 
S[=]> y= 1-4,” _(@x)L,(2). (A. 9) 


The space-time integral of Z,(%) is expressed in terms of the Fourier integral 
as 


Jo, @8) Lala) = — | (da) (Q) (2 +29) (0), (A. 10) 


which vanishes owing to the relation either (¢+2)u(g)=0 or u*(g)(¢+x)= 
0. Thus 


<S[]>»=1, (A. 11) 
from which ‘the steadiness of the one-meson state follows. 
As this example shows, the self-energy term (A. 7) always appears in the 
form integrated over the whole space-time, whenever it is contained in radiative 
corrections. Therefore, the effects of the term AL (#) on the radiative correc- 


tions aitomatically vanish. This is the reason why the term 4,Z,(4) does not. 
miss its counter term in the Hamiltonian Hx). 


We have determined, in the text, the second order renormalization factor 1¥@ 
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of the wave function for meson following the Dyson’s method. In this conriection, 
also the Schwinger’s method is to be referred to. 

In order to evaluate the function #@ (x) given by (2.20) following the latter 
method, we first transform it, with the help of the integration by parts with res- 
pect to z’, into the form 


w(x) =| (@x')4,(@—”) {du (x’) —7(2’)}, (A. 12) 
with 


2) =— ie (de) |D, (2-2) 23,44 — 2 JT's + 9p, 22") 


4+30,D,(4—2’) -A, (4-2) Tu (2). (A. 13) 
With the z’ integration performed, (A. 13) reduces to 
n(x) =82u(z). | (A. 14) 
Hence we obtain 
uw’? (4) =0 (A. 15) 


in one hand. 
On the other hand, #@(x) is also evaluated in accordance with the limi- 


ting process 
ul? (2) lim fyy2.¢(4) Oe 1c (2)}, [AP18) 
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where u,2.,(%) denotes the function ~(z) with its mass parameter x replaced by 
#+¢€, and %2.,(%) that function which is obtained by inserting 7,,..(%) into 


(4) for u(x). 


As a suitable representation of ~,2..(%), one may choose either 


Uys, e (4) =u (2’) + 5 (4,/—4,)9,’ u(z’) (A. 17) 


corresponding to that of $,,.ém (x) found by Schwinger for the case of electron, 
or alternatively the Fourier integral representation 


tase (2) =| (de) e™ Herve)» 


(F+# + €)utyr.<(g) =9.- (A. 18) 
Either leads to the same result 
(4) = Y°u(z), (A. 19) 


which is just twice the function given by (2. 29). 
According to (A, 15) and (A. 19), nu’? (x) is indeterminated between 0 and 
Y°u(x), as ‘s the case with the result obtained with the use of the Dyson's 


~ 


ENT eer te 
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method. One must, of course, take the mean value 


wl? (x) = + ¥ n(x). (A. 20) 
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§ 1. Introduction, 


At present, the meson theory is in such an unsatisfactory state that it has 
not proceeded much beyond its original hypothetical character and can hardly 
explain the experiments quantitatively. Perhaps this is partly due to the fact 
that various meson models we now consider do not fit the “ real’’ meson well, 
and partly to the defect in the methods of calculation. The former is related to 
the fact that experimental evidences about mesons are very few and indirect 
though for electrons they are quite sufficient to construct the electron theory on 
them. As to the latter we have now at hand a new means of analysis, the 
Tomonaga-Schwinger theory”, which has proved very useful in the case of electrons. 
Whether this method is also effective in its application to meson theories or not 
is, however, not well-known at present, especially in the case of nuclear interaction. 
In order to solve such problems in good approximation, it might be necessary to 
resort to other ways of approach, e. g., covariant analogy to the strong coupling 
treatment or one appropriate to the intermediate coupling. Meanwhile, it seems 
to be natural to consider that the Tomonaga-Schwinger theory in its present form 
can be applied also to mesons interacting with the electromagnetic field if some 
necessary modifications are made, because of the smallness of the coupling con- 
stant in this case. It is therefore expected that problems concerning mesons and 
electromagnetic field in interaction are free to a considerable extent from defects 
of calculation and that we can find out from this side an effective way of analyzing 


the meson models. 
The interaction of the meson fields with the electromagnetic field has been 


” especially in connection with the problems of 
energy and the electromagnetic self- 
iaving been confined to the 


investigated by various authors 
polarization of mesonic vacuum, photon self- 
energy of a meson, most of these investigations | 
examination of applicability of the Tomonaga-Schwinger theory to mesons. It is 
found that there appears no essential difference between the treatment of meson 
and electron in the ¢-approximation. We give here some results about the treat- 
ment of higher order processes, especially the dynamical reaction of the electro- 
magnetic field to the mesonic charge-current which involves quantities to be 


compared with experiments in principle. 


As is well-known, the Duffin-Kemmer form of equation for (scalar and 
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vector) mesons is preferable when it is convenient to treat mesons as particles”, 
For our purpose, it is necessary to generalize this formalism in a perfectly rela- 
tivistic way which can be accomplished analogously to the Dirac equation®. This 
-'form of the meson theory is better than the usual Proca and Klein-Gordon form 
in the sense that in the Duffin-Kemmer case almost all formulas have the same 
form as those of the electron when 7,’s, etc. in the latter are replaced by B.'s 
etc. and thus the physical meanings of all these quantities can be better understood, 
‘Results obtained by these two alternative formalisms are, of course, identical. 

Our discussion will be given in two papers, since it is too long to be published 
together. In this paper we shall present the covariant formulation of the meson 
theory and the S-matrix method describing the scattering of mesons in general 
(§ 2) and then apply it to find the second order dynamical reaction of electro- 
magnetic field to the mesonic charge-current (§3). Effects involved in it are 
discussed in detail one by one, beginning with the vacuum polarization part (§ 4). 
Corrections of mass renormalization type (§5) and one of the Lamb-shift type 
(§ 6) as well as the discussions about the problems involved in the meson theory 
will be dealt with in the second paper. 


§2. Derivation of the S-Matrix. 


Let us start from a short survey over the covariant formulation of meson 
theory based on the Duffin-Kemmer equation. In this form of the meson theory, 


the free meson is represented by an operator ¢(+x) satisfying the following linear 
wave equation 


(83+ m)$(x)=0 (1) 


. . be 4 
where m is a mechanical meson mass and Sd= 3} A, 3 (A=1, 2,3,4; x,=it) 
: ' Awl OX) , 
We shall omit the summation symbol YY for-dummy suffices as usual so long as 


the contrary is not expressed and these suffices themselves when no complication 


arises. Natural unit system 4=c=1 is used throughout this paper. £, is a 
matrix satisfying the following algebraic relation 


BBuBV+ BBuP.=BrOuv +B Oya. (2) 


a3 is well-known, there are just two non-trivial irreducible representations of 
he A-matrices, the one (5-rowed matrix representation) expressing the scalar 


meson, the other (10-r d i iol 
Hi dnea’ ( owed one) the vector meson. The adjoint ¢'(2) of ¢(4), 


f(x) =$* (4%) (282-1) (3) 
(~* (4) is a hermitic Conjugate of ¢(+)) satisfies 
Og" (4) B— mp (x) =0. (1’) 


(For this purpose it i | 
purpose it is necessary to assume that f’s are all hermitian, This is 


On the Interaction of Mesons with the Electromagnetic Field. I. ATS 


of course permissible.) Using ¢'(x) and (+), the Lagrangian function, charge- 
current vector, canonical energy momentum tensor, etc. are easily constructed 


L™ (x) = —} (pt (2) Bap 2) — 9" (x) BY (2) ) — mo" (2) (2), 
Julx)=ieP' (2) B(2), 
THALES =4(¢'(4) Bud (+) —dP'(x) Buf (x)). (4) 


j,(x). and 7,4(x) satisfy the continuity equations, The whole theory can be 
formulated in a charge symmetrical way which we assume implicitly performed 
for brevity of calculation”. 

The system of the meson field and the electromagnetic field in interaction 
is classically described by the following Lagrangian density 


Q(x) =L™(x) +L?(4) +L), (5) 


where L"(x) and Z?(x) are Lagrangian densities describing the meson field and 
the electromagnetic field respectively and L(z) represents the interaction between 
these two fields 


L(#) = julx) Ay(*)- | ay) 


Of course we can develop the Tomonaga-Schwinger theory in the usual way 
employing the canonical formalism for the Lagrangian density (5). In such a 
treatment the time variable has to be unnecessarily distinguished from space- 
variables, which not only is unsatisfactory from the relativistic viewpoint but makes 
the deducation of the Tomonaga-Schwinger equation rather complicated. However, 
that the same result could be obtained 
without referring to the canonical formulation. According to them the quantum 
mechanical system corresponding to any classical system (not always describable 
in a canonical form) can be described in the interaction representation by an 


it was proved by Kanesawa and Koba” 


equation 


;_ 9 vfo]=—L{o] Pll, (7) 


6a(x) 


where £,[{a] is so constructed from the usual interaction Lagrangian density that 


it satisfies the integrability condition 
0 0 ; 
_° JT iaj—-— L.lo|= —ti{Lio}, Lyle]; (8) 
da(2’) ie] da (x) [e] ] 


x! which lie in a space-like direction with respect to each 
all solutions of the 


for any two points +, 


other. Furthermore, field variables contained in Lo] are 
free field equations satisfying the corresponding commutation relations, In our 


case it is found from (6) and (8) that 
Li{ol=ju*) Au) Suv (% 5 n) A, (*) Ay(#), | (9) 
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with 
Inh« jy ny=—~-$' (BG + (BD) BPO), (9’) 
Wd 


where 7, is a unit vector normal to the space-like surface, 7,°=—1. Commutati 
relations for the field variables appearing in (9) are 


[¥e(4) $22") ]=— BaD (x—2), 


(4, (x), A,(2’)]=26,,D,(4—2’), others are zero, (10) 
where D(x) and D,(+) are D-functions of meson and photon respectively and 


B= ga—-_ (hay (10’) 
WW 


The content of the formulation described above is, of course, identical with 
that of the usual canonical formalism. In fact (9) is the interaction Hamiltonian 
density obtained by the canonical formalism with opposite sign®. Therefore, the 
Tomonaga-Schwinger an for the meson-photon interaction is 


‘Seay TIRAit ll) (ul) 


with 
H{a|= = ful) A, (+) —J,,(% 5) Ay (4) 4, (4). (12) 


This is the starting point of our following discussions. 
Introducing a a opeiator U[o] determined by 


JEaB Sirs reli H{a|U[e] (13) 
with U[—o]=I, we can write the solution of (11) as follows 


¥[c]=U[ol¥, (14) 


where ¥, is a constant vector representing any initial condition of the system, 


Yo] can easily be written in the form of ascending powers of [e] by applying 
an iteration procedure to (13) 


Oe) i) {we’) Hla" +(—a|" (as) ex”) Helo! nfo") + “= (15) 

which can be rewritten in the following form 

U[o]=1+4 (= =" ( (dx') PU fo’}) + © 3 (dv") \"¢ (de) P(Hyfo'], Leto!) +o 
(15’) 


using the chronological ordering operator of Dyson®. Letting o in (15’) tend to 
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infinity we obtain the so-called S-matrix 
S= 3} CO" (a) (dey) + (dan) PUL Loh Helos Helou) (16) 


This is as a whole independent of the choice of families of intermediate surfaces 
in spite of the explicit dependence of each Hf, |o;] ou normals to surfaces, which 
is the content of the integrability of (11)®. 


We shall give here a simple proof of (15’). In order to derive (15’) from 
(15), we have only to show that 


a(x.) o(7, 1) 


[i (@ey) Gee) | Gre) H, [ot [or] Helou] 


ra cone (dt) PH, [oy Halon) 1) 


(17) is evident for x=1, since P(H[e])=H{a]. Next we suppose that (17) 
is true for some fixed z and define 


a(x.) Ou, ) 


Glol=[ (ae) Cae) | Clened Hede Hone 


Seth ape 
(z+1)! 


then, since P is, from the definition, symmetric against the permutation of its 


fae) Fae)" en) Parle He, glean» 18) 


arguments, we obtain 


“aa OO eM EN EEN 
pl ={ Df edo | Cen) ALOE oe) Hl, [00 
— 1 (de): [de PALA) ACA Fe pl Geass (19) 


This is equal to zero on account of (17) and 
PH fo), H,[0.],) =H lo? A. [o> 


the latter being a consequence of x lying on a surface which is future to all 
point +,(¢=2, 3,---,7+1). Thus,we have found that G[o] is independent ot ¢ and 
further identically zero on account of G[—©]=0. Therefore (17) is true for all 
n by mathematical induction. q. e. d. 

Scattering process (in an extended sense) of any type is of course described 
completely by the S-matrix (16). But actual computations are largely simplified 
by the discussions given below. We shall write for convenience the S-matrix 


(16) as follows ; 
S=31 ode ves (diy) PCH (43) + (445 1h) 0 tn) Fn a 


n=0 1! 
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where H/? and H” are the first and the sécond terms of the interaction Hamiltonian 
(12) and are represented by the graphs of vertices of type I (Fig.1,) and II 


(Fig. 1,). 


\ 

‘ 

‘ , \ 
‘ 
\ 


\/ x ¥ 


5 


Fig. 1. 
(Meson and photon lincs are denoted by full and dotted lines respectively.) 

As is seen by a reasoning analogous to the electron case, any process whose 
matrix is contained in (20) can be described graphically by a suitable combination 
of these two kinds of graphs. Thus we obtain various diagrams which consist of 
some vertices of type I and II, some internal meson and photon lines and some 
external meson and photon lines. The vacuum expectation value of P(¢'(2’), $(4)), 
i.e., the propagation function of the meson wave corresponding to an internal 
meson line (Fig. 1,) is easily found equal to 


5 BDza 2') +4 (Any'0(2—2') (21) 
Mm 


where D,y(x) is the type of D-function introduced by Feynman and has the 
following Fourier integral representation 


pan | ET cg ee (22) 


as — 
@) (27) P+ mm? —t€ 


in which the limit «+40 is understood. The second term of (21) appears due 
to the circumstance that B contains a second order derivative with respect to the 
normal direction to the surface which is not the case for electron. 

For our purpose it is convenient to express < P(¢'(2’), $(2)) >, ina slightly 
different form 


= [B45 (Cm) } Doe 2) + 2+ Gm) d—2) (23) 


which is easily found to be identical with (21) when one employs the following 
formula 


(LP? —m*) D(a) =2i0(2x). (24) 


The second term of (23) contributes to the S-matrix only when the end points 
of the meson line coincide and therefore it is appropriate to describe it by a 
graph similar to the one in Fig. 1, rather than that of Fig. 1, itself. We shall 
consider from now on that Fig. 1, corresponds only to the first term of (23) 
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which is obviously independent of the normal to the surface”. The surface- 
dependent terms, all of them involving a factor of the form (@x)*, appear in two 
places in the integrands of the S-matrix (20), one in the A” which is surface 
dependent from the beginning, the other in the second term of (23) which arises 
for the first time when the vacuum expectation value of P(¢'(4’), $(4)) is evaluated. 
They surely disappear from the final result since our S-matrix is so constructed 
that it does not depend on the choice of the surface families. Moreover, since 
(8x)? always appears in a combined form 1+ (6x)°, we can maintain that the 
second term of (23) gives a contribution to the S-matrix which just cancels all 
effects caused by the second term 47” of the interaction Hamiltonian density (12). 
This is the very reason why we have preferred (23) to (21). 

As a result of these considerations we can easily understand that the same 
S-matrix as (16) is obtained when we introduce only the first term of (12), 
—j,()A,(«), into the P-symbol of (16) and omit all redundant terms that involve 
several factors of the form 1+ (fx)? which comes from the second term of (23). 
We shall describe this procedure symbolically by a modified P-symbol P’; then 
the S-matrix is expressed in the following form” 


foe] 7\n 4 
$2 I" (ae) den) Pind Andry ula) Ana)» 9) 
which is much easier to treat than the original form (16). 

The above considerations are not sufficient since no account is taken of the effect 
of electromagnetic interaction on the mass of the meson field. By direct calcula- 
tion in &-approximation (see §»), the electroma ‘netic self-energy of a free meson 
is skown to be a linear combination of two terms id and P'Bid. (This is due 
to the circumstance that #2 is not a multiple of unit matrix contrary to the case 
of Dirac electron for which 7;=4.) This fact seems to bring some complication 
into our discussions. They induce, however, similar effects in the S-matrix, as 
they are in the case of free mesons connected to each other by the equation 


By (2) p(x) 29" x) BP) = 5 Old") (Fie) (26) 


which is easily verified using (1) and (1"). 

We have thus sufficient reasons to suppose that the self-energy plays no role 
other than changing the mass of a meson and cannot be distinguished at all from 
the mechanical mass. To justify this assertion, it is necessary to show that it is 
possible to remove the self-energy of the meson field 7 self from (LL) and thereby 
alter the equation of motion for the meson field (1) into that of a meson with 
modified mass. This seems to be effected by the state vector transformation 


Ulal=IW [oe] Plo], (27) 


where W [a] is designed to remove the variation associated with A" from ¥ [co] 


and therefore is subject to the equation of motion 
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i) _wle]=H™" (x) Wo}. (28) 
da (x) 
However, (28) has no solution at all, since it does not satisfy the integrability | 
condition as is easily verified by direct calculation. Moreover, the equation of 
motion which is to describe the meson in terms of the experimental mass 


i * — Vfol= Wo Ho] —7"(2)) W[2] 90] (29) 
da (x) 
is not integrable even if W[e] is determined by a suitable modification of the 
equation (28). This method, which was successfully employed by Schwinger to — 
treat the self-energy of an electron, is thus found to be difficult to apply imme i- | 
ately to the meson case. In order to avoid these difficulties, we shall proceed 
iti a somewhat different way as follows. 

Our theory has heretofore been constructed on the assum tion that the inter- 
acting meson-photon system ean be described by equation (7) where the field 
variables are supposed to satisfy the free field equations with mechanical masses. 
But we may reconstruct our theory in a slightly diflerent way; let us suppose 
that our system is described by equation (7) and the integrability condition (8) 
where the meson operator is considered to be a solution of the equatioa of motion 
for a free meson propagating with experimental mass m (mechanical mass m, 
combined with the electromagnetic mass dm which is supposed to be small in a 
future correct theory ‘though divergent in the present theories). As a result of 
this alteration we must use 


L! (2) =/n(2) dy (x) + dng" (2) (2) (30) 


as an interaction Lagrangian density in place of (6). Further discussions are 
made almost in the same way as before, i. ¢., construction of L' Jo] from L’(2), 
‘derivation of the S-matrix, etc. We shall not give here the explicit form of Z’Jfa), 
since it is not so easily obtained as (9) and the terms modifying (30) disappear 
entirely from the S-mitrix in the final stage of calculation”. The second term 
of (30) is easily seen to cancel the self-energy effect in the S-matrix. (This 
will further be discussed in detail in §5.) We have thus arrived at the result 
desired. 

Therefore it is concluded that the Dyson’s program for the electron-photon 
system can be applied to the case of meson-photon system without any formal 
change if appropriate attentio1 is paid to the necessary modifications relating to 
tie integrability condition of the theory. However, nothing more than formalistic 
is involved in this conclusion, since the real difficulties of meson theory lie not 
in ae way of treatment described above but in the appearance of divergent 
quaptltyes which cannot be removed through the ordinary renormalization procedure. 
‘ it he elementary psreent integrals can easily be discovered and investigated 
y the method of Dyson™. Obviously, there aypear such integrals more frequently 
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in our theory than in the electron case, since they have the same structure save 
for the fact that the commutation relation of the former involves derivatives of 
higher order than the latter. Thus, for example, it is found that the fourth order 
Mller scattering diverges even in the case of the scalar mesons. We shall not 
give here a closer examination about them”. 


§ 3. Second Order Corrections to the Mesonic Charge-Current. 


In the preceding section a covariant formulation of the interaction of meson 
fieids with the electromagnetic field has been developed. We shall now be con- 
cerned with its application to the actual problems. The lowest order processes 
such as the polarization of mesonic vacuum, the photon self-energy and the electro- 
magnetic self-energy of a meso1 have heretofore been investigated by analyzing 
the second order Hamiltonian obtained by a contact transformation which is use- 
ful to describe the absence of real first order processes”. It is however easily 
seen that this method is too clumsy to be applied to higher order processes 
contrary to the simple and perspective S-matrix method adopted here. lnethe 
following sections we shall evaluate the second-order corrections to the mesonic 
charge-current as an example of the S-matrix method described in §2. This 
involves quantities which are to be compared with the results of. experiments. 
In fact, some of them are divergent and give rise to the serious difficulties of 
the meson theory since they cannot be concealed in unobservable charge and 
mass renormalization factors. 

For the following discussions it is convenient to distinguish the electromagnetic 
field fiom the external force. Therefore we shall derote them by A,(#) and 
A‘,(«) respectively. Then, the S-matrix is expressed as follows 


=O" (aes) (dt, )P! (Ju (41) Ag (41) 7. 41) Au) — Omg (2) Pr), 


vests fan) A (An) Jun) Ap (Gn) — Sng) Ha) G1) 
In order to find the correction to the mesonic charge-current in the S-matrix (31), 
the simplest way is to discuss the second order correction to the elastic scattering 
of a meson scattered once by an external electromagnetic potential. The diagram 
which describes the elastic scattering of a meson by an external force is given in 
Fig. 2. in which the letter ¢ indicates the external potential, 
the corresponding matrix element being 


Hi] (aty-teF' BIO) A) (32) 


Wits el 4 


big. 2. 


which is an integral of the energy of external field over all 
space-time region. The diagrams representing the second 
order corrections to the elastic scattering of a meson are obtained by modifying 
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the vertex and the lines in Fig. 2 to the second order. They are given in Fig. 3. 


fe 
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These diagrams give rise to the integrals 
M=M,+M,+M. (33) 
with 
M=— 2 ue | (dt) (ds!) (de! Ay 2) TR, BD A221) BBD Aa'—2)| 
x Darla! — 2") $'(2) 8.9 (2"), (34a) 
M,=—% we \(dx) (ds!)(ax" Aa )[$"(2) BLD x—¥ ABD (22) 
x PDaola!— 2" h(x!) +9" (2) BBD r(x" — 2) B,Do 2" —2") 
x BD x(a! —2) Pysh(x) ]+ 16 dm | (dx) (de) Aya) 9" (2) BBD 22") 
x (a!) + $i") BD(2!—2) BS (2), (34b) 
My=— uc \(de) (da!) (d2"") Ay (2) $"(2") BBD ox 2! BBD x(a" — 2) 


x Bh (4) Dora’ — 2"), (34c) 


is the Sommerfeld'’s fine structure constant and D,,(#) is the 


9 


o 
where «= 


Feynman’s D-function for the electromagnetic field 


— HY —27 ike 1 4 
Dork) — jim a (dh) e * a bP " (35) 


For convenience, B+ hil—ne) is denoted simply by 2 in (34) and the 
m ; 


succeeding formulas according to the discussion concerning the formula (23). 
All of these integrals having the form of integrals of the energy of external field, 


the factors multiplying A‘(*) have to be regarded as the corrections to the 
mesonic charge-current. Thus we obtain 


Vu (4) =I (x) +978 (2) +98 (2) (36) 
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ith 
© 4) =i E ae | (de) (de TIRED oe 2) BDA! —3))] 
Dual —2'") (a) Bala”), (37a) 
aft (x) = & uc [(de!) (de")[P (#) ALD: (4-2) BD g(a! —2") 
x ByDorl 2! — 2") f(x") + ft (2) BBD 4" — 2") BDor(4" —2') 
x BD (2! =) Bysh(2)]+< dm | (de \19" (2) BBD Ae 2/02") 
+9" (2) BD,(x'—*) Buh (4) ], | (37b) 
asa) =i ue | (de! (de!) $2") BBD (x2) PABD Aa" 2) 
x By (2") Darl 4! —2""). (37) 
In the following sections we shall discuss in some detail these three corrections 
in their order. 
§ 4, The Polarization of the Mesonic Vacuum. 
The integral (37a) can be rewritten in the form 
87s(x)=—i ral (dx!) T[B, BD A 2—2')8,BD;(2'—2) 8 A,(2') (38) 
where 
bA,(2")=— Ef (de!) Dr 20 2H): (39) 


Expressed in this form it is obvious that (37a) is the current induced by the 
electromagnetic field that accompanies a mesonic charge-current distribution. This 
can be treated in the same way as the polarization of the vacuum by an external 
field which has been discussed in the c-approximation by various authors”. We 


shall, for convenience, write (38) as 

ajg(a) = — nul (dx!) G22") 94,02") (40) 
where : 
Guy(2) = TPB (2)Do(2)8,B(—2) Dr)] (41) 


and B(x) means that the differeatiation involved in B is to be performed with 


respect to %. 
In order to evaluate G,,(7), we shall substitute the Fourier integral repre- 
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sentation (22) for the D,(#) in (41). (Our method of calculation is almost the 


same with Schwinger’s.) Then 


Gy(2) = Ata [AD (la EOE EY LE MEY 


xT Bali) ++ lay —m—1 wha, {—i (ee) +2 Way —m—— 2} | 


(42) 
To evaluate the trace in (42), we employ the following formulas for the $-matrices’ 
TA Bu ial Or 
LP Buby =0 
TB BPE, a 3 asf dO, a OO np) 


LBP ie Ppa =U 
LPB y9.B BoB. =F: (In0,,9ox + bu18, 08s) 
+ (30-02) (Oi y8po-+ 8S p0812+90:9;3p,—8ypSop9:,) (43) 
where e 
ee , (2. for spin O 
dealt ae 6 for spin 1 
and 
q,== 7 878 A= for both spins. 
Thus we obtain 


7 [Aol i WB) +7 way —m— Lal, {ices + 1 (era) = ata 


ks 1 U a” ” 2 2 > ° 
a Iy{ —(ha— hn) (AY) 4 (A+ ne mi) } 
1 1 + pr pape Ue Ade A) toe oper , , 
a — (es = 9 a) Ry Re? + RR RE Ca ) (ALaY + hak\) + Ou, ( (H2")°— £7?) } 


(44) 
(42) satisfies the requirements of gauge invariance and charge conseivation if 
the value of divergent integral is suitably determined. 


In fact, on computing 
Mie ‘)/0a, from (42) and (44), we obtain 


ee See le) (ah!") che Hae Co Cll +") + BY (A + mt?) 
(4° + mi?) (4? + m?) 


Bay Me fear + [cay | as 
where 


Pe=hy thy, (46) 
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thich is indeed zexo if 


Bt ; BR! 
dp!) —“» _=0 d | ap’) _“» __=0. AT 
| (ae) kh? 4 0? ra. ory) RB + a" ol 


‘he vanishing of the latter integral seems to be natural since it is an integral 
f an odd function over the entire energy-momentum space though it is divergent. 

The denominator of the integrand of (42) can be simplified in the following 
manner : 


‘ Peep 7 at 1¢t Bley pire fe _ pre 3\2 
(£° 4+ 10°) (#41) | du (4 oe + : a Oe ). (48) 


Pet us introduce the new variables /, and p, as defined by 


= J pt (te—3 te), 


i "yal 
B= se (be— = be) : (49) 
then G,,(x) is brought into the form 
1 ipx se: 9 9 y ° =2 
ante f= Qn) {(de) (dp)c” a (2+ me + ei 1—v*) ) 
79 9 1 Be 9 y ine ° p 2 
x} a,7°( OP — Pulv) +(5 eek, RO, —pyupy)+ ana (s+2n'+% (—v*)) 
2 ‘Mm 2 
(50) 


where, in virtue of the dependence of the denominator on #” alone, terms involving 
ky, and £)fyh, have been discarded, and 4,4, has been replaced by yumi. ahs Te 


the last term of the integrand of (50) that makes the definition (47) necessary 


to guarantee the requirement of the gauge invariance. It seems to arise due to 
se real solution has not 


the defect in the treatment of diverging integrals who: 

yet been obtained though several attempts have been made to solve this difficulty”. 
ed to suppose that the term in consideration dis- 
which the gauge invariance is 
Therefore, we shall drop this 


At any rate, we may be allow 
appears from (50) in the future correct theory in 
automatically assured at each step of calculation. 
term from (50), then it can be written in the form 


Gyr (4) =(8,8,—8nLP)E (4), (51) 


where 


G(x) =0,G,(4) ss (44,—-0;)G,(4) (52) 


with 


1 = (53, 
(Cama zie “(1—)) 


gig) aeons (lore | (ay (ape 


(277)* 
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He ' ‘; ; f ips in ss (53 ) 
G(x) = —-—| dv\ (a2) (dp) : = 2 
; (27) | (+0°+£—2)) 


By a partial integration with respect to z, they become 


PS 1 iy (M_ sd le eaiowuas 
Ga4)=— 30a 2 foun cane | ea “\ (Pinan) | 
0 - 
(54,;) 
cde fein 
eee ileg Gres »  etde(mts LQ 4 “)) 


oe 
ne °P +m’) (B+)? ; "|, (e++ 20-0) ; (54,) 


The integration with respect to # can now easily be performed. The formulas 
required for this purpose are (when expressed in the three dimensional notation) 


i na “| ° = K+, 
Oe lim 22 (KK, me log A+R), (55) 
at % 
ab = ox 7 C\ ——— 
K Cena im *(log —1), (56) 
he _ ix? 
j ( et 2A e7) 
where 
KK 4+ ty}, (58) 


(In the following calculations lim is omitted for simplicity.) Using .these formulas, 
(54,) and (54,) become 


Gime ia). (og X+-Ke ale bom YF ,(2), (59,) 
“and plonna ec) (os) 
aa a +) Saar, 13a): “(a ) F.(4) (59.) 
where 
ful) ee aah eae (60) 
v) 
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Finally, we may insert (51) into (40) and integrate by parts, to obtain 
B(x) inal (dx) Gw—)A,(2"), (61) 


where the term 3,0, is dropped, since the electromagnetic potential obeys the 
Lorentz condition. Now, since 


Cran) =O" E) f(a) Durlal 2 MA") 


. = —j,(2") (62) 
from (39), (61) may be rewritten as 


ajg(a)= inal (da')Ge=2") ple’). (63) 
The expression of G(#) contained in (59) then yields 


bjg(«)=—=5—4, [ (tog 4s —1) jx) +t Cy (da!) F(a —2/)7,(4') | 


12z 
cel Pp _lUlppe_ flock tho Biko y mes 
+ 5 a, 2.) { J AKK m log = )+(log ia 1 eer 
ats ear 1. /f BY face p 
aa sy nef ie ——5( or ) [ae aaa | (64) 


Inserting the values of o, and a, for spin 0 and 1, we finally arsive at 


Ag ()w.=— A (log***" —1) jue 4 OY aren) 


247 m 
(65) 
for scalar mesons, and 
KK, K+K,\. 
O72 wee ee pee Ge) || g geet) x 
7a (#) vee. cla Oe ee Fu(*) 
“ eK, Sea 
——__f loz ————_ — — ]} = x 
ef ce m ”) am jv) 
wie: Ne eee) j (ae! )F(2—2!) jy (2"). (66) 
8x mr 3 MH: 


for vector mesons. The first terms of (65) and (66) are proportional to the 


Though their coefficients are infinite, they have no observable 
rguishable from the original current 7,(4). 
the well-known procedure 


current operator. 
consequences, since they are indistir 
We can therefore do away with these te:ms through 


of charge renormalization. 


EF 
There remains, however, one more divergent factor multiplying edt) in 
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(66) after the first term is removed by the charge renormalization. This ter 
‘is to describe the observable phenomenon and cannot be removed by any usual © 
renormalization technique. This divergence seems to indicate one of the deep- 
seated difficulties of the meson theory whose solution probably necessitates some 
knowledge about the structure of such particles. This term can, of course, be 
removed by various methods, e. g., the regularization method proposed by Pauli 
and Villars. In our opinion, however, these methods are not satisfactory. 
Such defects of theories as the divergence discussed above should be utilized as 
a step for further investigations and not be circumvented by devices whose 


physical meanings are rather ambiguous. 
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On the Positive Excess of the Hard 
Component in Cosmic-Ray 


S. Ogawa 
Institute of Theoretical Physics, 
Nagoya University 


March 20, 1950 


The phenomena of the positive excess of 
the hard component give a strong support to 
Proton Primary Hypothesis and also offer us 
some knowledge about the production of the 
meson. Before going to investigate the 
spectrum and the multiplicity of the meson 
production, we analyze the problem of the 
subject. 

Let H* and H~- be the intensity of the 
hard component of positive and negative 
charge respectively and we define the positive 
excess 7’ as follows, 


TASH”) (Ara): 
Various experimental results are represented 


in Fig. (1). We summarize below the re- 
markable points that are obtained from these 


2 40% 
antes aah Bose 5 LOR 


+ delay coincidence 


= so oefs oof 
of +--' magnetic lense 


--— cloud chamber 


atmospheric depth in mH,O 
r=) 


0.5 | 
Fig. 1. 


results. (i): At sea. level,)~* 7=20+5%. 
1’ diminishes in high energy (22Bev) as 
well as in low energy? (<0.5Bev) part of 
the meson component, (i): At the atmos- 
pheric depths 2mH,O” and 7.2mH,0,” the 
positive excess definitely vanishes in the low 
energy (<0.5Bev). (ii); Comparing (ii) with 
the results at the depths 5.5mH,O and 
4mH.O," we perceive that the meson com- 
ponent (>0.5Bev) at the depth 5.5mH.O 
has noting that the intensity of proton 
amounts only to 5% of the hard component 
and contribute at most 10% to the positive 
excess positive excess of 20%, while it 
loses the positive excess in traversing through 
the atmosphere. Unless we assume the ex- 
centric distribution of the positive excess over 
the spectrum of the meson component, we 
should accept the existence of such meson 
produetion, even in the lower atmosphere, 
that diminishes the positive excess. (iv): 
The result with cloud chamber at 2.9mH.O 
is obtained by Anderson et al.? and is rep- 
resented in the figure after the subtraction of 
the contribution due to proton. It differs 
considerably from Conversi’s result with the 
However, the 


circuit of delay coincidence. 
difference is not serious if we take into ac- 
count the z-meson production by the proton 
in the apparatus of Conversi’s experiment. 
(v): The variation of the positive excess with 
the energy E of the meson component at 
sea level is expressed as Toc E-?” 

We shall discuss the multiplicity and the 
spectrum of the meson production by the 
nucleon-nucleon collision according as the 
knowledges above represented in the next 
letter. 
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The Determination of the Multiplicity 
and the Spectrum of the Meson 
produced by the Nucleon- 
Nucleon Collision 


S. Ogawa 
Institute of Theoretical Physics, 
Nagoya University 


March 20, 1950 


We investigate the relation between the 
mult:plicity of the meson production by the 
collision of the primary proton with air nuclei 
and the positive excess of the produced 
mesons according as the results summarized 
in the previous letter (cited as I). The 
positive excess of the produced mesons does 
not depend on the type of the production 
process——plural or multiple——,, if only the 
conservation of charge is taken into account. 
Let n be the number of the produced charged 
mesons, then it reults in 7’=1/n. 

Now, the intensity of the proton at the 
atmospheric depth 2) in the energy range ¢ 
and e+de is assumed to be 


A exp(~—2)/l)e-t— de, y=1.8 [=1.25m H,O. 


And we put the spectrum of the production 
of m-meéson in energy EK by a proton of 
energy € in the form ce*E*-!, Then, the 
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multiplicity becomes 


n=el e* Edi —(e/B)(e/*)*. (1) 
If the enere loss of a proton is proportional 
to its prima:, energy, it results in a+f=0. 
Since n increases with e, @ must be positive 
number. Remembering that three-fourth of 
the 4..¢ gy of a z-meson is transferred to a 
yemesou in the z-y decay and that the 


intensity of the s-meson varies due to the ; 
collision’ loss and the decay with the atmos-_ 


pheric depth, we can express the s-meson 
intensity at the depth z and with energy € 


€ ba +s= 


. 


de{€+s(2—z,)}*"' {28 €+s(x—2,) 


Then, the mean positive excess of the «4 
meson at the depth z becomes 


rien (8) [omni 
ds{€+3(2—z,)}*-' Pree peany, 
C/n(e))/ ule, x) 


Considering it in the lower atmosphere, we 
can integrate 7, approximately, 


—(B/er)(3/4)*x*/(€+px)-* 
(r—a) Ker 
—(Bler)(*/Ec)*(7 —a@) 
$(€+sz) <E, 
E, means the geomagnetic cut-off energy. 


From (v) in I, we take a equal to 3. Ty 
becomes 


ye 


Ty, x)= 


1: We 
4)" ereran 

Tyl€, 2)= ¢(€+sz)J>E, (3) 
1.3 / x 


1/2 
36 *) $(€+sz) CE, (3’) 


The results (i) in I are obtained at the 
latitude near 45°N. Considering the meson 
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component with not so high energy (<2Bev), 
we obtain 


36a )=H5 


Thus, we can get the multiplicity of the 
charged meson produced by a proton with 
energy ¢, such as n(e)=0.6(e/x)'". In the 
phenomenological treatment above, n is the 
total number of the produced charged meson 
from a proton, not concerning to how many 
times can a proton collide with the air nuclei 
before it slows down. It may also be noted 
that (3)’ indicates the latitude effect of the 
positive excess. We expect the positive 
excess to be 10% at the equator on sea level. 

Next, the facts (ii) and (ii) in I cannot 
be explained by such a simple. process of the 
meson production as above. There exists 7- 
ray as the agent which are more likcly to 
produce negatively charged meson than posi- 
tively charged one. Infact, concerning to 
the produced z-meson by y-ray, it has been 
known that z~: z*=1.7 in the experiment 
at Berkeley. Other evidences of the existence 
of the meson-producible y-ray are detected in 
the experiments about cosmic-ray.” On the 
other hand, we can not neglect the effect 
due to nucleon. component,” especially due 
to neutron. In the lower energy process 
(<2Bev), the contribution due to neutron 
may be expected to overwhelm the one due 
to proton.” Anyhow, in order to make clear 
what is the agent effective to produce the 
slow meson (<0.5Bev), further analysis both 
theoretical and experimental are required. 

In conclusion, I ‘wish to express my deep 
gratitude to Prof. S. Sakata for his valuable 
discussions about this work. - 


c=0.38+0.05 
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On the New Mode of Interaction 
between Spinor Fields 


S. Ozaki, S. Oneda and S. Sasaki 
Phy-ies Institute, Tohoku University, Sendai 
April 13, 1950 


Recently, C. N. Yang" pointed out that 
there may be another spinor fields which are 
distinguished from ordinary one by the trans- 
formation character with respect to reflection. 
We may call these spinor fields as “ pseudo 
spinor, fields”. The introduction of these 
fields are expected to bring about new modes 
into Fermi’s interactions between spinor 
fields. The chief points of this note are to 
investigate (1) the influence of new modes 
on the meson decay processes and (2) the 
determination of the interaction models be- 
tween elementary particles. 

(A) Meson decay. 
(1) we decay. 

Tiomno and Wheeler? treated the cases 
p-re+2y and pretty in detail. The 
introduction of pseudospinor field a‘fects. only 
the terms proportional to the rest maass of 
these Fermi particles and the existence of 
neutrino makes these terms vanish, so the 
new modes of interaction influence only the 
alternations of the name of coupling. If we 
adopt the model g-re+2/%, new results 
appear. The rest mass of /tp-meson Can be: 
decided by the maximum energy of the 
decay electron. Taking this as 55 Mev and 
f-meson mass as 216 m., formeson mass 
must be negligibly small, but taking as 50 
Mev., #o-meson mass is about 30 m,. In 
this respect more precise measurements are 
desired. If /-meson mass is large, the 
energy distribution curves of the decay electron 
are changed. Contrary to the case pret 2p, 
the transition probabilities of wret2u are 
always zero at the maximum energy of decay 
electron. In nuclear B decay processes, new 
modes do not also appear, because of the 
existence of neutrino. 
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(2) m>u+ Mo. 
Tiomno and Wheeler? showed that in the 

model of Fig. 1, gag» In this case, the 

processes 7—>+2+ (4) and 

a—>e+v occur through , (PD 

the intermediary of 

nucleon field. The ratio & fm 

of the transition matrix 

elements for m—-+e+v 

and mut, decay “” Be FD 

was shown to be small- 


Fig. 1. 
er than 1(10-*) only 
for the follwing case.” 
xz coupling (z-V¥) MP p-po Fermi 


fs fs or pu O O (grsrap) (Ersra7) 


Introducing pseudospinor field, following 


combinations are also allowed. 


Fermi 


x coupling (z-V) MVP p-po 


ps ps or fu O A (ersrad) (Eran) 
Ss Ss a Oo (¢re) Gac 
s 5 A A (grad) (Ere) 


where ¢, ¢, € and 7 are the wave functions 
of neutron, proton, “ meson and sty meson 
respectively and © is the case when both 
proton and neutron are the same _ spinor 
ficlds and A is the case when proton and 
neutron are different spinor. 
(B) Interaction models between 
elementary particles. 

The follwing considerations are essentially 
based on the charge symmetrical theory for 
mz meson. From the existence of the spin 
orbital force in neutron-neutron scattering” 
and the y-decay of neutretto,” neutretto may 
be pseudoscalar meson. From the standpoint 
of charge symmetrical theory 7 meson must 
also be pseudoscalar. Then it is concluded 
that both proton and neutron are spinor 
(pseudospinor) fields. The determination of 
the spinor character of “—) meson may be 
obtained by the g~ capture and g+e+2/1, 
decay discussed in (A). But if g meson 
mass is small, this cannot be detected by 
experiments. 


Admitting as above that both proton and 
neutron are the same spinor fields, our selee- 
tion rule about the r-meson decay process» 
remains unaltered and pseudoscalar x meson 
is the most reasonable in all respects. 
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On Mixed Field Theories and 
Vacuum Polarization 
S. Kanesawa 
Institute of Physics, Tokyo Gakugei University 
April 27, 1950 
The gauge invariance of the induced current 


in the vacuum by the presence of an electro- 
magnetic field, has been investigated by many 
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authors from the standpoint of the mixture 
theory which was first proposed by Sakata and 
Pais. However, their calculations have been 
confined to the order e? in the case of charged 
scalar meson, spinor and vector meson fields. 
According to their results the photon self- 
energy vanishes provided 


Ng— 2Nyj2+3n,=0 (1) 
gto nt/ nL 
51 ng)? 23 HCan'g)? +3) (mP)?*=0, CD 
I= j=l j=l 


where no, m2 and m, denote the number of 
charged scalar meson, spinor and vector 
meson fields which interact simultaneously 
with the external electromagnetic field and 
m‘?, mij. and m9 the corresponding rest 
masses. But cancellation of the divergences 
wh'ch arises in the gauge invariant terms in 
the current dens'ty is not achieved by any 
similar method of renormalization.” 

In this letter we investigate the gauge 
invariance of the vacuum polarization in the 
second order approximation by introducing 
the higher spin fields besides those considered 
above and the more complicated interaction 
with the electromagnetic field than those in 
the current one. Here we use effectively the 
method of the quantum theory of the gene- 
ralized local field.” 

In order to introduce the higher spin fields, 
first we assume that the wave equation for 
a. particle of arbitrary spin in the absence of 
interaction is the following linear differential 
equation of the first order with matrix co- 


efficients 7p: 


CraLntm)b=0, (C= o-, #=1,2,8,4). 
: (1) 


Besides, two additional physical assumptions 
concerning the particle are made, namely, 
(i) that “t satisfies the usual secnod order 
wave equation with a fixed value of the rest 
mass m : 


9 


(D?-m*) y=0 (ern ey) (2) 


and (ii) that either the total charge or the 
total energy for particle field is positive 
definite. (Gi) is necessary if the field is to 
be quantized in the interaction free case as 
usual. 

For simplicity we consider especially the 
particle with the maximum spin 3/2.  Ac- 
cording to H. Chandra? the matrices ry 
which describe the spin properties of the 
particle with 3/2 spin are given by 


Te=AptiOBy, (= @,A04344) (3) 


where a, and ~, commute with each other 
and satisfy the Dirac and the Duffin-Kemmer 
commutation relations respectively. Now there 
are two inequivalent irreducible representa- 
tions of 7, corresponding to the 5-row and 
the 10-row representation of By, for the 
former the matrices yp, are 20x20 (scalar 
representation) and for the latter 40x40 
(vector representation). Then the charge 
and current of the vacuum polarization for 
the scalar representation takes the following 
form in the second order approximation e? 


aj” (a) = —e'| KE —#)A,(a’)d'e’, 
(4) 
where 


4 é 
Ky” (a) = tO arc: LJvpoAs a Ebepa 25°? 


Oped —SurOporA* por 
== (hee cs A poo Ack 
Prit(Ch A CAFO. AY - A= 
—dyuCpoA”s pads) —m'TvA- A}+ 
+8{F,A-T,A+0,A% “Tha 


— Suv (p A+ pA +mPAM+A)} (5) 


i} 
with the abbreviation of uw =a, a 


Dye 
The condition for the gauge invariance of 
(4) is 

OK O(a) =0, (6) 


while in fact 
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Ka) = — 1282) -nAM%2). (1) 

From (7) it is evident that the photon sel!- 
energy vanishes also. when a general mixture 
of each field with spin 0, 1/2, 1 and 3/2 
respectively is considered provided 


Ny — Qnsj2+3n, — GN32=0 (1’) 
no nt/2 ni : 
SWmiP)? 2d mi)? +33 }(mP)? 
jai jr j= 

n3/2 - 
—6Y(mspy=0, (II) 

these equations are a generalization of the 
conditions (1) and (III). A detailed evalua- 


tion of (4) leads ultimately to the following 
expression : 


aye! Ma)— set \dul Lexp {—4al—w’)}- 
exp (ima) |. Ay(2)— 
~{(uba\nior (44-2) 


1) ~2( Sn Z) 40) 


e’ 15003 (1*\3 
Se uttir oY) Tg (2) —Averose=n, (8) 


where 


1 +o 4 oe 
In = Gm fiz. 7 Jexplin’s) up 38) 


An analogous expression to (8) is obtained 
for the vector representation. The introduc- 
tion of the spin 3/2 field intensifies the dif- 
ficulty in that it leads to a logarithmically 
divergent ((}°)*J, besides the quadratic 
divergent (]*J,. Unfortunately these infinities 
cannot be cancelled by the corresponding 
ones which occur in the case we have a 
charged vector meson field with vector and 
tensor couplings” for the signs in the two 
situations are the same. A fuller account 
will appear in a later issue of this journal. 


1) If, Umezawa and R. Kawabe: Prog. Theor. 
Phys. 4 (1949), 369, D. Feldman: Phys. 
Rev. 76 (1949), 298. 


2) S. Kanesawa: Prog. Theor. Phys. 5 (1950), 

157. | 
3) HH. Chandra: Proc. Roy. Soc. 192 (1948), 195. 
4) D. Feldman: confer (1). 


Errata: Meson Production by X-Ray 


Z. Koba, T. Kotani and S. Nakai 
Department of Physics, Faculty of Science, 
Osaka University 


April 26, 1950 


In our previous letter” two serious mistakes 
have been committed, which we hasten to 
correct in this note. (A-fuller account will 
be published in time.) 

In the first place, the value of ri= (#/%e)*+ 
10-* given there was erroneous” and must 
be multiplied by a factor (2/2zx)*, so that 
its correct value turns out 7.8x 10~**. Con- 
sequently one has to put f*/4qhe = 1~10 
in order to obtain the experimental value of 
the total cross section (per nucleon)10~ "em? 
according to the calculation in the order e*f*. 
(Higher order approximations are now being 
investigated. ) 

In the second place, our judgement on the 
angular distribution of the produced pi-mesons 
was too premature. The detailed report? on 
the experiment explains that the factor sin*@ 
is due to the arrangement of the meson 
source and the detector (plates) and that the 
mesons can be considered coming out tso- 
tropically. In this respect one would be 
inclined to prefer a pseudoscalar pi-meson to 
a scalar one, because the latter gives a si°@ 
distribution while the former is produced 
almost independent of the angle near the 
threshold. It will be appropriate, however, 
to refrain from drawing any decisive con- 
clusion until one will have inquired into more 
detailed circumstances. 

We may also add that the curve given in 
the previous letter cannot be compared directly 
with the experimental results, because it 
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epresents the cross-section for a monochro- 
natic incident beam, whereas the actual 
xperiment was performed by a continuous 
X-ray, although the qualitative feature of the 
urve will not be very much different for 
‘oth cases. Also other circumstances are to 
9¢ taken into account before comparing 
heoretical predictions with 
esults.” 


experimental 


1) Z. Koba, T. Kotani and S. Nakai: Prog. 
Theor. Phys. 5 (1950), 187. 

2) We are very much indebted to Messieurs 
Fujimoto, Yamaguchi and other members of 
Tokyo University of having pointed out the 
mistake and also for their critical discussions. 

3( E M. McMillan, J. M. Peterson and R. P. 
White: Science 110 (1949), 579. 

4) Y. Fujimoto, K. Nishijima, T. Okabayashi, 
K. Takayanagi and Y. Yamaguchi: Lecture 
at the semi-annual meeting of the Physical 
Society of Japan, April, 1950. 


Cosmic-Ray Underground 


S. Hayakawa,* K. Mano,f and T. Miyazimat 


* University of City Ovaka 
and tTokyo Bunrika Daigaku 


May 1, 1950 


Good evidence was given previously by the 
computations of the soft component and the 
showers produced by s-mesons at great dep- 
ths” for the appropriateness of taking account 
of merely the electromagnetic interaction of 
p-mesons with matter on which basis the 
well-known bend appeared in the intensity 
versus depth curve of the cosmic-ray under- 
ground had been explained by Hayakawa 
and Tomonaga.”) 

We intended here to give further supports 
to the abovementioned theory by calculating 
numerically the directional intensity and the 
temperature effect of the cosmic-ray under- 
ground. 

Of m-mesons produced high in the atmos- 


phere by the primary rays, most of soft ones 
decay into 4-mesons while in flight and hard 
ones survived until the sea-level are soon 
absorbed after penetrating into the ground. 
Then we assume that the electromagnetic 
interaction of s-mesons play the important 
role in the ground, 

The diffusion equation for obliquely in- 
cident z-mesons ‘including their absorption 
in the atmosphere was solved using the energy 
spectrum of the primary rays determined by 
Hayakawa and Nishimura” as a part of the 
source function. Then the differential energy 
spectrum Of s-mesons was obtained on the 
basis of m-y-decay. Next, the integral energy 
spectrum of s-mesons on the sea-level was 
computed numerically for every 15° of the 
zenith angle of incidence @ assuming the 
masses of the z- and s-meson and the life- 
time of the z-meson to be 286m, 217m (m ; 
electron mass), and 1x 10~ sec, respectively. 

The directional intensity: We have the 
intensity for given direction and depth by 
inserting for the energy appeared in the 
integral energy spectrum on the sea-level 
corresponding to that direction the value 
derived from the energy-range relation of p- 
mesons in the ground to be penetrable to 
the depth under consideration. 

The results of the calculations are shown 
in the figure in which the solid curves are 
drawn through calculated points marked by 
dots corresponding downwards to the depth 
of 200, 730, 1706, 3000 m w. e. (water equi- 
valent) respectively and the four kinds of 
dotted curves give cos"? for n=1.8, 2.0, 2.4, 
3.0 downwards respe tively. For 200m w. e, 
the angular distribution is exactly cos'*@ 
reflecting the energy spectrum of m-mesons ; 
for 730m w. e. it may be approximated as 
cos?0 and is a little sharper than the experi- 
mental result cos':7@ of Barnéthy and Forré®; 
and for 1700 m w. e. it is about cos”46 and this 
is in fairly good accord with the Greisen’s 
experimental result of about cos’#) when we 
take the experimental error into account, 
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Although we have so far only 
one available experiment of Gre- 
isen at 1700 m w. e. to testify 
crucialiy whether the deviation 
from the cos':'@ law takes place 
in the deeper region, his result 
may serve, if it is really true, 
as a strongest evidence for the 
validity of the theory of Haya- 
kawa and Tomonaga.”) Thus 
we may conclude that the 
cosmic-ray far underground con- 
sists of sg mesons and that they 
interact with matter according 
to the ordinary quantum ele- 
ctrodynamics. Further the Gre- 
isen’s opinion® that the cosmic- 
ray phenomena underground can 
well be explained by the neutrino 
hypothesis of Barndthy and Forré 
scems highly improbable. 

The temperature effect: The 
tempe.ature coefficient of the 
hard component in the ground 
referring to the outer-air tem- 
perature was found to be 0 
+0.74% per °C for the depth 
of 1000 m w. e. according to 


INTENSITY 


RELATIVE 


10 
ZENITH ANGLE (DEGREE) 


----------— cos!# @ 
eS se 
gi tt CM cos"? a 


calculated value 
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the experiment of Barnéthy and Solid curves represent downwards the calculated results 


Forré.)? But simple calculations 
of Forré” and one of the authors*) had shown 
that this coefficient can not be larger than 
+0.16% per °C. We examined here how 
much approach toward the experimental result 
could be made by the theory hitherto used. 
It turned out that the coefficient can not 
exceed +0.4% per °C. and exact agreement 
with experiment could not be obtained. 

Moreover, the reason to explain the exist- 
ing small numerical discrepancy between 
theory and experiment could not be thought 
of at present. 


Detailed accounts wil] be seen at a later 
date. 


1) S. Hayakawa and S. Tomonaga: Prog. Theor. 
Phys. 4 (1949), 496, 


2) 


3) 


4) 


5) 


for x=200, 730, 1700, 3000 m w. e., respectively. 


S. Hayakawa and S. Tomonaga: Prog. Theor. 
Phys. 4 (1949), 247. 

S. Hayakawa and J. Nishimura: Prog. Theor. 
Phys. 4 (1949), 232; Journ. Sci. Res. Inst. 
44 (1949), 47. 

J. Barnothy and M. Forré: Phys. Rev. 74 
(1948), 1300. 

K. Greisen: Private communication to Y. 
Miyazaki. 

K. Greisen: Phys. Rev. 76 (1949), 1718. 
M. Forré: Phys. Rev. 72 (1947), 868. 

T. Miyazima: Prog. Theor. Phys. 3 (1948) 
99. 
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Structure of Electron in j-Process 


K. Sawada 


_ Department of Physics, Kyoto University 


May 1, 1950 


_ The formalism of Dirac’s 4-limiting pro- 
cess’) gives us a converging result in clas- 
sical point electron, but fails in quantum 
theory. We want to clarify the main device 
of the source of convergence, and seek for 
the possible modification allowed to remove 
other types of divergences.. With this aim 


in view, we firstly reinterpret it as a model © 


of electron. The Schwinger-Tomonaga equa- 
tion is (the integrability is only proved for 
flat surface and 4=0) 


H(x)¥ [6] =S, (2) Ay (x) ¥ [0] 
Hig i lel (1) 


and the second order interaction Hamilton 
density is (classical ) 

1 
H=5| A Wa iC ee juz As (2), 
Asa))-8,(a)4F (2) 


‘where DAy = Se and A-process. gives 


(a2, cB ienen pda Id 
abet de wo, (De —a+4) 
p 
+ D(a’ —2—A)) 


=du(14+ Nid) cn ) 


D(a’ —2+A)— De’ —2- BA) (3) 
2NiAp) 


Taking flat surface and A=0; 
d In d 
=b,( 14407, (1+ sroqz) 


V (in car—x)( Sinko! 2 2 
nye * i ae ) aaa) 


= by,(1+ 404, E Mi +5 + Ao, +i) 


j lara — (u/2)) Ba” a= (a) 2)) 
An Ay /2)" 4x (2,/2:)? 


dae! Ay >9) (5) 


Thus, defining the field produced by the 
currents a, S2, SO; 


Se) = Syn Te 


DAM = So 


A(e/|— (0) Mg 


ds 
Rot eae 
Se (x)= {Se (ac —20’) Ag— die 4x Ga!) E 


DAP =S2 


A & d 4 Pia 
Sa) =| Su (x—2’) (2a,- digel 9 40 a 
0 


O(\a’|—(Ao/2)) , 
An Ao/2)° , 


CAP =S®. (6) 
We have for interaction Hamiltonian ; 
) 1 "2% 9 
He = 5 {SPAN +.8¢ AO) + 


+(SMAD4+SDA) }dae. (7) 


This represents that the electron. composed 
of three sorts of charge in &-process: the 
two are the independent currents S{) (which 
is exactly that of Lorentz-Shell model with 
radius 4,/2) and S® which: do not act 
mutually, the other is current S@®- which does 
only mutual interaction with current S)). 
Schematically. shown. in Fig. 1. Thus, the 
self-energy of electron comes from the self- 
energy of the currents S{)) and Sf) plus 
mutual. interaction energy of currents S¢ and 
S®. The latter is negative and the total 
self-energy vanishes. 

Formally this is the consequence of the 


operator 1+, £ in (5), since by rewriting 
9 


it in the following form ; 
HO =(14.445 Jat 3 1S;) 
x 5) 8@AP der (8) 


this model may be reinterpreted as the 
Lorentz-Shell model, and so 
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Sa 
Fig. 1. 
e d Sipe a (cal 
UT contomb =(14+4-4) )(1 ap sage mc 
(9) 


It should be remarked that the quantum 
theoretical divergence which appears in the 
‘one-electron theoretical self-energy can be 
removed by the change of the model; the 


subsequent operator It Toe removes the 
0 

term of the form 1/22, but in the Lorentz- 
Shell model gives logarithmically diverging 
the 


application of this operator does not remedy 
this divergence, but it is done if one takes 
more decisive cut off, for example e~*?°, 


HQ.02(1+dy Fy) + . avi) 


x f ke-Pedk=0. 
0 


result for quantum self-energy | dk, 


(10) 


In hole theory we must amplify S® in 
order to get the finite results, because in this 
case the electron spreads itself due to Fermi 
statistics,» and so the mutual interaction 
energy of St with SC becomes insufficient 
to cancel the self-energy of S( and S©, 
This amplification can be made without affect- 


ing any real features of the theory by the 
following ; 


(x, 5 7), LAnCa’ ).Ay (@)] 
~a,,(1 HUD MA ecw) 
Chey 2+) — De —a— =A)! 


2( NAGY, ae (11) 
where 
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SR) wa log Ap +b +edo" 
(for small 2,). (12) 
The restriction (12) ensures that only 
high energy photon amplitude of 
4, order 1/4, is modified. 


Inside this | 


restriction, the self-energy of hole- | 
theory can be made converge by 


taking 


7 1 1 
SMD=9 8 = 
+ (power of /—2) (13) 
1) P A.M. Dirac, Proc. Roy. Soc. A 180 (1942), 
1. 


2) W. Pauli, Rev. Mod. Phys. 15 (1943), 75. 
3) V.F. Weisskopf, Phys. Rev. 56 (1939), 72. 


The Fast Protons in z~-Meson Stars 


Y. Fujimoto, K. Takayanagi 
and Y. Yamaguchi 
Department of Physics, 
Tokyo University and University of City Osaka 
May 5, 1950 


Previously we discussed the new modes of 
meson-capture”; 
x +N+P+N+N, (nn) 
m~+P+P>N+P. (np) 
If we adopt the Fermi gas model for a 
nucleus, the brode momentum distribution of 
nucleons inside the nucleus leads to the brode 
energy distribution (up to se?+E—V=138 
Mev., E=Fermi energy and V=well depth 
=30 Mev.) of the final nucleons of capture 
processes (nz) and (np), which is consistent 
with the existence of fast protons in meson 
stars. This energy distribution was not taken 
into account in our previous calculations.” 
The probability that the two “ primary 
nucleons "’ of z~-meson capture process have 
energy E, and E,, respectively, is given by 
the following expression : 


f(E, Eo \\\(dpaPysap dP, 


|P,'l, IP Pe 
\P,|, |P |= Pr 


attllers to 


-6(P,+P.—P,°—P.°) 
dares wcll 
8(ou to" OM ~ at 
PY} ae Is ; 
8(o — ®)9 om F) 
“CN. F.)’, 
where P,y=Fermi momentum = /2ME;, 
M =nucleon mass, 
and “2 =meson mass. 
Of course 
ft, E.) =f (Ez, F,) « 
(N.F.) represents the matrix element. of 
nuclear force and it can be well approximated 
to be constant. Then we get the following 
result : 


For E,>E,, [(4,-,) = C x 
[2 / E,E,—(ue?— E )]*?-- 


pV ptt VEY >B>E., (1) 


[(2b—(VE,- VE=Ey)y” 
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+3(2E,—E){ VEy+ VE—Ex 
— VE, + VE,})-~ 
E,>E\>E., ©) 
[{2E—(V E+ VEy—E)?¥” 
—{2E—( V/V E,— /Ey— E)*}"? 
+{2V EE, — (ue?—E)}"” 
+6(2Ep—E) VEx]-~ 


E>E, E+ pet 


where C'=normalization constant to be chosen 
j fG, E,) dE,dE,= 1, 
and 
E=E,\+ E,— pe’, 


1] eae 
Bs=9 | E+ pe'+ 7 CE+ pe")? 


fue $9/ Ee B—Es))! | 


If Ey>E>0, the cases (2) and (3) do not 
exist. 
shown in Fig. 1. 


The relative values of f(#,, E.) are 
The energy spectrum of 


— tt 
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Fig. 1. 
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relative value of ((Z,, £2) 
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0.010 


g(E) k(E) 
0.005 


: woe eS 
22 50 sais (re 4150 166 
Fig. 2. 


a fast nucleon regardless the energy of its 
partner is given by 


gE)=) fh, Ede’, 


which is shown in Fig. 2. E means energy 
of a proton measured inside nuclear matter 
and the actual energy outside the nucleus is 
E—V=E-—30 Mev. (V=well depth). Then 
the energy spectrum h(E) of primary fast 
proton is given by: 
I) Scalar meson with scalar coupling or 
Pseudoscalar meson 
coupling 


with pseudoscalar 


h(B)= 4 9(E). 


II) Assuming the pseudoscalar meson theory 
with pseudoscalar coupling and using the 
phenomenological nuclear potential :» 

h(E) =0A79(E). 

In order to get the actual spectrum of fast 

protons, we must multiply ACE) by the pro- 

bability &C#) for escaping out of the nucleus 

-without nuclear collisions. If we assume the 

absorption of m--meson occurs with equal 

probability inside the nucleus, then 
aR 


bE) = 3 \{1 — (fq) Jenn fe 


where A(E) is the collision mean free path 
of a fast nucleon with energy E inside nuclear 
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matter? and R means the nuclear radius. 

Fig. 2. also shows the curve g(E)k(E) 
(and not A(L)k(E)) for a heavy nucleus 
with mass number A=100. 

In order to discuss this problem in more 
details, we must take account of the meson 
stars initiated from light nuclei in photographic 
emulsion. 

Thus we can explain the existence of fast 
protons in meson stars without the assump- 
tion of recoil trition.” 

The authors express their hearty thanks to 
Mr. Takeda for his helpful discussions. 

1) Y. Fujimoto, S. Hayakawa and Y. Yama- 

guchi; Prog. Theor. Phys., 4 (1949), 575 L 
and 576 L. 

2) ¥F. L. Adelman, private communication. 

W. B. Cheston and L. Goldfarb; Bull. Am. 
Phys. Soc. 25, No. 1 (1950), 12. 

3) In this case we used the same device as 
adopted by Foldy and Marshak in their 
calculation of meson production, Phys. Rev., 
75 (1949), 1493. 

4) Y.Fujimoto and Y. Yamaguchi; Prog. Theor. 
Phys., 5 (1950), 141 L. 

5) S. Tamor; Phys. Rev., 77 (1950), 412 L. 


A Model for the Condensation 
Phenomena 


S. Katsura 
Department of Electrical Engineering, 
Faculty of Engineering, Tohoku University 
and 
H. Fujita 
Department of Physics, Tohoku University 
May 15, 1950 


Let us consider the system composed of W 
molecules contained in the vessel whose 
volume is V. We divide V in equal cells, 
and denote the number of cells which con- 
tain ¢ particles by m;. The potential energy 
of each cell is assumed to depend only on 
the number of molecules in it, and is rep- 


1) wa eal 
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resented by 7€;. Neglecting the energy of 
interaction between different cells, the con- 
figurational part of the partition function is 


written as follows: 


+ (V\X Sy MexpC—ieim: /kT) 
=m! is X eee é 
Q.=m! N 1( ) > ell milly” 


(1) 
where 5’, means the summation with regard 
N 


to all m,’s under the restriction of }‘m;=m, 
N t=") 
Stmi=N. The set of mi in the greatest 
t=0 

term. in > ja. 1S, 


m= Az €', 


zi,=exp(—ie;/kT) /G By 


A and & are the indeterminate constants of 


Lagrange, and € is determined from 


N/n= (Shia) / Qoes8"). (1) 


_& represents fugacity. 


‘We may expect qualitatively that €,>—0 
in the infinite dilution (70), and €;-*+00 
when the density in the cell is very large, 
and €; has negative value in some intermed- 
iate range of t. 

Then we can show: when & is sufficiently 
small or sufficient- 
ly large, mi has 


sharp maxi- es 


one 
mum against 7, and 

when & is in some 

intermediate range, 

mz; has two sharp 

maxima against 7. 

We may _ interpret i 
it as follows: by 

an isothermal] com- 

pression, a. part of 

imperfect gas be- 

comes liquid phase, and at last the whole 
becomes liquid. 

If 7 is larger than some value, however, 
only one maximum appears; this value 7’ is 
the critical temperature 

The pressure p is 


pV /kT=m log Sie". : (3) 


~ 


DOL 


Remarking that 2;€' has one or two sharp 
maxima, we replace %' in (2) and (8) by 
integration, and we can conclude that € is 
monotonie increasing against 7, and has the 
horizontal part in some range of V. There- 
fore, the isotherm. is shown: to have horizontal 
part without any thermodynamical operation. 

The detailed discussions will be reported 
shortly in this journal. 


Order of Magnitude Theory of the 
Depression of Coulomb Barrier 
Height in Highly Excited Nuclei 


Y.. Yamaguchi 
Department. of Physics, 
University, of City Osaka 


May 28, 1950 


Formerly, Bagge” showed that the Coulomb 
barrier height V(X) of a excited nucleus 
(atomic number=Z, mass number= A and 
nuclear radius=R=7,A™%, m=1.37 x 107" 
cm) decreases with increasing excitation 
energy X. He treated this phenomenon in 
greater details and gave VCX) in the form 
of a infinite series. i” so far as a tendency 
of V(X) is concemed, we can readily derive 
it in a very simple but crude manner as 
follows : 

Let a denote the average amplitude of 
surface wave of a .nucleus with excitation 
energy X. Then, X would be proportional 
to the excess of surface energy : 


Ana®O=EX 
(€=const.), (1) 
where 
An Rk? O=4rr2O? 2 5=14A4" Mev. 


means the surface energy part in the so-called 
Weiszicker-Bethe’s semi empirical formula 
(see Bohr-Wheeler. ref. 2), As a result ot 
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the surface wave, the Coulomb barrier height 
decreases to the smaller value 


V~Zet|(Rta)=— (2) 


R 


where Vie is the barrier height for the 
ground state. Inserting (1) into (2), we get 
the energy-dependence of barrier height. 

If we introduce the temperature 7’ of ex- 


cited nucleus: 


X~HT. XT in Mev 
(this relation is experimentally confirmed by 
Perkins et al., ref. 3)), one finds 


Vy Seal 


1+Ai(si3)'7 


For instance, we consider the nucleus 5, Br*, 
which was treated by Bagge. If we tentat- 
ively take € as 1/3, we find the relation 


Viena 
(~Ty01T 


This very crude formula gives the results in 
good agreement with the ones obtained by 
Bagge. 

The depression of barrier height results in 
the modification of the energy ‘Spectrum of 
charged particles evaporated from highly 
excited nuclei in lower energy parts. 

Thus we must not overlook this effect, when 
we want to discuss the large cosmic-ray stars, 


1) E. Bagge; Ann. d. Phys. 33 (1938), 889, 

2) N. Bohr and J. A. Wheeler; Phys. Rev. 56 
(1939), 426. 

3) J. B. Harding, S. Lattimore and D. H. 
Perkins: Proc. Roy, Soc. 196 (1949), 325. 


Some Remarks on the Relativistic . 
Quantum Field Theory 


T. Nagakura 
Department of Physies, 
Tokyo Metropolitan University 


June 3, 1950 


In the relativistic quantum field theory 
developed by S. Tomonaga and J. Schwinger 
the properties of the fields are treated in 
the interaction representation, and the four- 
dimensional commutation relations are derived 
for the field quantities for the free fields. 
On the more, the Hamiltonian density in the 
Schrédinger equation is not reasonably derived 
from the Lagrangian density, and integrability 
condition for the Schrodinger equation is 
used to determine it. 

We have studied on the relativistically in- 
variant formulation of the theory in which 
all the time development of the system should 
be described in the Shrédinger representation 
and the Hamiltonian density should be rea- 
sonably determined by the physical relations. 

The fundamental point of these theory is 
how to quantise the field in covariant form 
under Lorentz-transformation without referring 
to the functional form of the field quantities 
for the free field. We researched on the 
fundamental relation between the Schrédinger 
equation and the canonical relation, and ob- 
tained the reasonable commutation relations. 

The Schrodinger equation we derived have 
the form 


(ALP, 0} +* be) ¥le]=0 


H[P, o)=—1"(P)n,(P)T,” 


where Ty¥ are the ordinary four-dimensional 
energy-momentum-tensor, and n*(P), n,(P) 
are the component of the unit vector norma! 
to the space-like surface @ at the point P- 
The Hamiltonian density is determined from 
the conditions that they should be invariant 
under arbitrary Lorentz-transformation and 
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should have close connection with the energy- 
momentum-vector which corresponds to the 
particle character of the fields. 

As the above mentioned Schrédinger equa- 
tion represents-the change of the state vector 
along the surface normal at the point P, the 
canonical relation should have the direct con- 
nection with the derivatives of the field 
quantities with respect to the time coordinate 
in the tangential coordinate system at P. 
Then, we can define the canonical conjugate 
variables of the field variables ¢* by the 
relations. 

PLE x)= Plea 
OTP 

where DL is the Lagrangian density and tp 
is the coordinate along the surface normal 
o at P. 

_ The commutation relations among these 
quantities have the ordinary form in the 
tangential coordinate system, and the four- 
dimensional commutation relations in the 
arbitrary coordinate system should be obtained 
by the Lorentz-transformation of the relations 
in the tangential coordinate system, and can 
be given by 


[9* (ap), r(Q, rq) 
=0(ae—x9)diak Pray (@), 


[O*(x), ?*(29)] 
=[z,(P, ze), tQ. aq)l=9, 


where 6 is the ordinary d-function, a}CP) 
and a**(Q) are the coefficient of the trans- 
formation occurred in %,(x) and 7,(Q, 2) 
under the Lorentz-transformation between 
arbitrary Lorentz-system and the tangential 
coordinate system at P and Q respectively. 
In these generalised theory, not only the 
Tomonaga’s theory is included as the special 
case, we can treat the various problem con- 
cerning the interactions between the fields 
standing on the reasonable view. point. Even 
in the case of vacuum or only one particle 
is presents, there exist various kinds of fields 


and interact each other in the virtual state, 
and the completely isolated field can not 
exist. Then, the problems of the self energy, 
vacuum polarisation and anomalous magnetic 
moment etc., can be treated reasonably in 
our pure Schrédinger representation, and 
even the wave function of a particle should 
be obtained after solving the problem in the 
case when only one particle presents ap- 
parently. 

Detailed account of this work and related 
problems will appear in a later issue of 
this journal. 


On the Production of 7-Rays 
accompanied by the Absorption 
of z-Meson by: a Proton 


S. Ogawa and E. Yamada 


Institute of Theoretical Physics, 
Nagoya University 
June 1, 1950 


Recently, it has been reported that the =~ 
meson absorbed in the hydrogen gas produces 
high energy 7-rays, the spectrum of which 
probably has a flat maximum at 65Mev and 
is sharply cut at 130Mev. 

This phenomenon is interpreted to be due 
to an elementary process in which a 7- 
meson is absorbed by a hydrogen nucleus, 
emitting at lea t two photons. In fact, the 
Bremsstrahlung of the z-meson is hardly 
effective because of its low kinetic energy. 
The y-ray associated with the ordinary 7-ze 
decay contributes only to magnitude of e*/he 
(=1/137), and the energy of which is at 
most 30Mev (the difference of the rest energy 
between m-meson and pe-meson. ) 

As the life time that the a ~-meson with: 
ordinary kinetic energy (~14Mev), passing 
through the high pressure hydrogen gas, 
slows down and is captured into K-orbit of 
the hydrogen atom, 1s considerably short 
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compared with: the life time of the ordinary 
decay, wé may’ consider only the probability 
that a a--meson in K-orbit is absorbed 
by a proton. A part of the results of these 
calculations has already been reported by 
Marshak and Wightman.” We have checked 
their results and we give some detailed 
analysis. Though calculation is similar to 
theirs, our results obtained are slightly dif- 
ferent. 

In this: paper, we take z~- and z°-meson 
to be both scalar or pseudoscalar with scalar- 
or pseudoscalar-type coupling. We have e€s- 
timated the probabilities of the absorption of 
the m~-meson by a proton, i) accompanied 
by one photon emission (denoted by W,,), 
ii) accompanied by two photons emission 
(denoted by We.) and iii) accompanied by 
4 neutral meson emission (denoted by W,). 
We have taken an approximation that in i) 
and ii) the terms less than (y/M)* and (/ 
M) (u-—p"/p) are neglected compared with 
unity, and in ii) terms of order of (4/M) 
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are neglected. 

The results of the calculation are repre+ 
sented in Table I in which W., and W,, are 
compared with W,,, taking yu to be equal to 
280 electron mass. Before going to the 
discussion of the numerical results, we should 
note briefly the characteristics of the phe- 
nomena in each case above. 


Case of i) ; the emitted photon has a sharp 
maximum at 4(1—y/2M) in spectrum. As- 
suming yz to be 280 electron mass, “#(1—p/ 
2M) becomes 130Mev. 

Case of ii); the spectrum of the emitted 
photons has the form {1—(1—2k/)*}dk/p 
U<k<y) in the scalar case and {1—(1—2k/ 
py in the pseudoscalar case respectively. 
Case or iii) ; As the angular distribution of 
the emitted neutral meson is isotropic, the 
T-ray originating from the z°-meson decay 
has an energy spectrum which has a center 
near 4/2 and is uniform in the energy m- 
terval P= ([(et 45) (4— 4y)/1+4/M]'” and 


W,, (scalar) =0.56 x 1015 f£2/sec 
W,] WV (scalar) =7.1 x 10-8, 


Wis Ss.) =3.3x 10% feces 


Woy] Wy. = 2.0 x 10-4 


WLW 
yo in electron mass 275 270 210 
} 2x 12 38 123 
iL Ss. 7 é - 
aot afx 1.78 5.4 10.6 
4f2x 0.062 0.2 0.23 
f 2x 0.047 1.5 49 
Pon ch jafx 0.088 2.8 95 
4f?x 0.040 1.3 45 
“— yx 0.0°73 0.0223 0.81 
7 ce pafx 0.061 1.9 68 
Af?x 126 396 1300 
PES in Ate 0.0416 | 0.0.46 0.026 
ps.no fafx 0.0°42 0.013 0.27 
Af?x 0.0229 0.09 3.2 
Pin Mer PL thas 26 85 


al 
= gf +fe"), 


Af=-9 (fu =fr9). 


is zero outside the interval. If z°-meson is 
of vector type, the spectrum of the y-ray is 
considerably different from that due to the 
scalar 7°, zz, 4 and M are the masses of 2~- 
meson, 7°-meson and nucleon, respectively. 

Next, some discussions are presented about 
the results in Table I. As we can see, Wy 
is only one percent in magnitude compared 
with. W,,. Therefore, it is reasonable to 
consider that the Panofsky's experiment in- 
dicates the competition of the processes of 
the one photon emission with one neutral 
meson emission. Assuming that this inter- 
pretation is. correct, it is concluded from 
Table I, with the reasonable value of the 
coupling constant, that the case of scalar 2 
seems to be excluded. Panofsky's result, 
however, seems to indicate that the breadth 
of the spectrum is about 50Mevy, having a 
flat maximum at 65Mev, which suggests about 
250 electron mass for the z°-meson. Further, 
it should be noted that the above discussion 
is not definite because of the uncertainty of 
the experiment itself. The 7-ray spectrum, 
for instance, due to the scalar z°-meson decay 
has no maximum, while that due to the 
vector z°-meson decay has a maximum. 
Detailed paper including the analysis of the 
vector-type meson will be reported in near 
future. 

In conclusion, the authors should like to 
express their deep gratitude to Prof. S. Sakata 
for his valuable discussion and to Prof. M. 
Taketani who has kindly told us his informa- 
tion about Panofsky’s results. 

The constants fr’, fw’ represent the coupl- 
ing constants of z° to the proton and neutron 
respectively. 

1) A. S. Wightman, Phys. Rev. 77 (1950), 521. 

2) R. E. Marshak and A. S. Wightman, Phys. 

Rev. 76 (1949), 114. 
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Ground State of Deuteron according 
to Pseudoscalar Meson Theory 


G. Araki and Y. Mori 
Department of Industrial Chemistry, 
Kyoto University 


June 7, 1950 


The strength of the coupling . between 
mesons and nucleons was usually determined 
by comparing the theoretically calculated 
binding energy of deuteron with experiment. 
However, the hitherto determination involved 
an ambiguity because of the. too strong 
singularity of the two nucleon potential. It 
was found that the potential did not involve 
such a singularity so far as the pseudoscalar 
meson theory was concerned.”.”)) In this 
letter we shall give a brief account for the 
result of calculation on the ground state of 
deuteron according to the symmetrical pseudo- 
scalar meson theory on this new standpoint. 
Since there has been no evaluation of the 
coupling constant of pseudoscalar meson with 
nucleons, our result may give some contribu- 
tion to the knowledge of this constant though 
the result is still too rough. 

The customary potential in the ground 
state of deuteron is given by 


w=-dgatra— () 

in f=c=u=1 units (~#=meson mass) where 
A=3 (6)X)(6@X)/r?—1 Q) 
n=143/r+3/r? (3) 


It was shown that® this was valid for large 
r and had no validity for rl. When r is 
very large 7 is nearly equal to unity. When 
approaches to unity W given by (1) may 
become too large. In this case 7 is nearly 
equal to 7. If we assume that the potential 
in the range of small r has little effect on 
the various properties of deuteron in its 
ground state we may obtain the effective 
potential by assuming an effective value of 7. 
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If this assumption is valid it may be con- 
cluded fiom the above consideration that the 
effective value of 7 must be between 1 and 
7. Then we can test whether the pseudoscalar 
theory can adequately describe or not the 
ground state of deuteron by examining these 
two extreme cases. 

The numerical calculation is carried out 
according to the variational method. First 
we calculate the binding energy. Comparing 
it with the observed value (2.17 Mev) we 
determine the coupling constant (g?) and the 
wave function. Next we calculate the electric 
quadrupole moment (@) and the magnetic 
dipole moment (4) of deuteron by making 
use of these coupling constant and wave func- 
tion. The result is compared with experiment 
in the accompanied table, 


fe Q UD 
pal 084 S18 OSBTT 
7=7 0.140 2.72 0.8298 
Obs, 2.73 0.8565 


where @ is measured in 107%? cm® and zp 
in nuclear magneton units. The numerical 
data which are used in the evaluation of the 


theoretical result are as follows: binding 
energy of deuteron = 2.17 Mev, = 286m, | 
nucleon mass=1840m (m=electron mass), 
magnetic moment of proton=2.7996, that of 
neutron = — 1.9103. 

In view of the fact that the variational 
method can only give energy an approximate 
eigenvalue but does not give the wave fune- 
tion a sufficient approximation, the result 
may be considered to show that the theory 
and experiment are in agreement in this 
degree of approximation so far as the ground 
state of deuteron is concerned. Of course, in 
order to obtain the more definite conclusion 
it is necessary to calculate using a more 
exect form of the potential and according to 
a more exact method of solution. 


A more detailed account will shortly be 
given in a later issue of this journal. 


1) Y. Nambu, Prog. Theor. Phys., 3 (1948), 
td. 

2) G. Araki, Phys. Rev., 75 €1949), 1101, 1262; 
Prog. Theor. Phys., 4 (1949), 193. 

3) L. van Hove, Phys. Rev., 75 (1949), 1519. 
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Preface 


As early as 1935, Prof. H. Yukawa published in that year’s issue of Proceeding of 
Physico-Mathematical Society of Japan (17 (1935), 48) his celebrated paper * On the Interaction 
of Elementary Particles, I’ in which he first proposed a far-reaching idea to explain the 
characteristic properties of nuclear forces. The true meaning implied in this paper has 
become more ind more clear in the subsequent researches in the field of the theory of 
elementary particles. 

According to his idea, the nuclear force field with the limited range about 1Q-*? cm 
should be described by the field equation of the type 


(JU—*"U=p 


with x ~ 10" cm-!. Because, the corresponding Green’s function to this equation is 
exp(—*r)/r, which is just suited to represent a force not appreciably beyond the order x7’. 
On the other hand, the source density p was related to the transition between the states of 
nuclear particle, and the existence of the charged field was also expected in the case of 
transition from proton state to neutron one or vice versa, which seems to be necessary to 
explain the saturation property of nuclear forces. 
Furthermore, he suggested on the ground of the quantum field theories, which had been 
developed up to that time, the existence of new particles, charged or neutral, with mass 


p=hk/e 


which is about 200 times electron mass. In connection with the theory of p-decay, he 
further assumed this new particle can decay to an electron-neutrino pair, that is 


Ut + et+y. 


It follows as a natural consequence of this assumption that the new particle has a finite life 
time. This life time was later estimated to be about 10-° sec. 

On the discovery of new particles with intermediate mass between those of electron and 
proton in cusmic radiation in 1937, Prof. H. Yukawa’s idea suddenly began w attract the 
attention of many theoretical physicists, and the refinement of his theory has been attempted 
by himself and many other authors. The name meson or mesotrom was Props sed for such 
new particles and corresponding denomination of meson field for its wave aspect. 

The various covariant properties of meson field have been proposed by Prof. Yukawa 
and his collaborators, Prof. S. Sakata and Dr. .M. Taketam, and by several other authors 
independently. The pseudoscalar field corresponding to meson with spin 0, and the vector 
field of spin 1, both obeying Bose statistics, seemed to be most preferable, However, the 
experimental researches with more refinement have become to show many discrepancies between 
the properties expected theoretically and those of mesons found in cosmic radiation. Especially, 
for the life time of mesons and the scattering cross-section of mesons by nucleons these 
discrepancies had been seemed to be fatal. 

It must, however, be emphasized that the efforts devoted to various trials to find the 
way out of these difficulties have made remarkable progress in the development of the 
quantum field theory or the theory of elementary particles. In fact, it seems to be no 


ii 
exaggeration to say that the theory of elementary particles has first settled its autonomy.at the 


time of the discovery of meson theory. ae 
It was, neyertheless, the final triumph o° the meson theory when the so called z-meson 


was discovered, though its existence had been theoretically expected by Prof. S. Sakata and 
Prof. Y. Tanikawa since 1942, by the skilful analysis of the absorption and annihilation of 
mesons in matter and the refined exp2rim2nts with photographic emulsion in 1947, just 
twelve years after it was predicted by Prof. Yukawa. Here, we wish to offer our congratula- 
tion to Prof. Yukawa on his admirable success in his theoretical researches and his honour 
of receiving the Nobel Prize in 1949 in recognization of his merit of the discovery and 
development of the meson theory. 

It is, at present, generally believed that the a-meson, whose properties have been 
investigated by the analysis of its tracks in photographic emulsion and the artificial production 
of them in the laboratories in Am2rica, should be identified with m2sons predicted by Prof. 
Yukawa, whereas those which are found in th: hard component of cosmic radiation and now 
called -mesons are the decay products of z-mesons. There yet remain, however, many 
problems unsolved conceming with the m2son theo-y, for example, the nature of neutral 
mesons and that of other kinds of mesons which seem to exist in cosmic radiation. More- 
over, the meson theory, needless to say, shires with quantum electrodynamics the well-known 
defects which are inherent to the present quantum field theory. Though the state of things 
has been much improved by the recent discovery o° th2 elegant covariant formalism and the 
artificial subtraction method for the remedy of so-called divergence difficulties in the quantum 
field theory, it seems to be doubtless that there yet remain essential discrepancies in the 
meson theory which are to be solved in the future development of the theory of elementary 
particles. It may, nevertheless, be expected that the meson theory will play a predominant 
role as the critical touchstone in the future theory. 

In closing this preface I wish to thank to the authors who contributed valuable papers 
to this commemorial numbe: It is also my pleasant duty to express, as the representative of 
the editors of our journal, ou. ~ordial thanks to the authors who kindly took trouble of 
sending their papers from abroau 


M. Kopayast 
Kyoto University 
Kyoto Japan. 
July 20, 1950. 
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